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ABSTRACT

Adventures in Black Hole Binary Waveform Modeling

by Siddharth Mahesh

The modeling of black hole binaries requires accurate descriptions of both their relativistic vacuum
dynamics and their interaction with surrounding astrophysical environments. Although these prob-
lems are often treated separately, this dissertation develops a unified view: key observables of black
hole binary systems can be understood by identifying the dynamical instabilities that control their
evolution. In the vacuum problem, the relevant unstable structure is associated with the remnant
spacetime and its role in shaping the merger-ringdown gravitational waveform. In the environmental
problem, the relevant instability is the epicyclic instability of orbits in the binary potential, which
controls the location and evolution of the circumbinary gap.

The first part of this dissertation develops the Spinning Effective-to-Backwards One Body frame-
work, a hybrid waveform model that combines an Effective-One-Body inspiral with a Backwards-
One-Body description of the merger and ringdown. This construction reduces reliance on phe-
nomenological numerical-relativity calibration while retaining competitive waveform accuracy for
aligned-spin black hole binaries. The model provides a physically motivated map from the inspiral
to the remnant-dominated regime and offers a transparent path toward more interpretable waveform
models for next-generation gravitational-wave astronomy.

The second part investigates the interaction between black hole binaries and circumbinary ac-
cretion disks. Using Newtonian hydrodynamic simulations and analytical epicyclic-stability theory,
this dissertation shows that circumbinary gaps are maintained on orbital timescales by instabilities
driven by the binary potential, rather than solely by long-timescale resonant torque balance. This
framework is extended to inclined disk-binary systems, where it predicts an unstable sector near
intermediate inclinations and explains persistent time-dependent disk oscillations.

Together, these results show that instability-based modeling provides a common analytical lan-
guage for understanding gravitational-wave signals and electromagnetic environments of black hole
binaries. This perspective strengthens the physical interpretability of waveform models, clarifies
the dynamics of circumbinary disks, and contributes to the theoretical foundation needed for multi-
messenger observations with future detectors.
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Chapter 1

Introduction

The observation of gravitational waves (GWs) from merging black hole binaries (BHBs) by the
LIGO-Virgo-KAGRA (LVK) collaboration has revolutionized our understanding of the gravitation-
ally driven merger of compact binaries [1]. These observations provide a unique laboratory for testing
General Relativity in the strong gravitational regime and probing the formation and evolution of
compact objects. However, fully realizing the potential of GW astronomy requires two critical ingre-
dients: high-fidelity, computationally efficient waveform models and a comprehensive understanding
of the environments in which these binaries reside. Within the scope of this thesis, we will limit our
scope of study to black hole binaries and circumbinary accretion disks.

The science of gravitational waveform modeling involves the production of accurate template GW
signals from the predictions of general relativity (GR). To build a successful template, one requires an
accurate solution to the black hole binary spacetime and a computationally efficient reduced solution
that maps the intrinsic parameters of the binary system to the observed waveform. Due to the non-
linear nature of GR, the knowledge of individual black hole spacetimes does not directly lead to the
knowledge of the spacetime of a black hole binary. Analytically, this solution can be approximated
using techniques such as post-Newtonian (PN) and post-Minkowskian (PM) expansions [2], and
black hole perturbation theory (BHPT). Computationally, the field of numerical relativity (NR)
has emerged as a powerful tool for solving the equations of GR using advanced high-performance
computing techniques. Waveform models that transform the results of these approximations to GW
templates are called approximants, and there are broadly three families of approximants that handle
the full inspiral-merger-ringdown (IMR) signal: Phenomenological, Surrogate, Effective One Body
(EOB) families.



The dynamics of black hole binaries can be broadly divided into three stages: the inspiral, the
merger, and the ringdown. The inspiral stage is characterized by the bound orbital motion of the
two separate black holes, with orbits decaying due to emission of gravitational waves. The ringdown
stage is characterized by the decay of small perturbations about the merged remnant. The merger
stage is the complex, intermediate stage where the spacetime transitions from two distinct black
holes to the final merger remnant. The PN and PM approximations are valid in the early to late
inspiral limit while the BHPT approximation is valid in the ringdown. While NR provides a unified
picture of inspiral-merger-ringdown (IMR), it is computationally expensive and must be restricted
to a small number of orbital cycles in the inspiral and a finite grid of binary parameters. The three
aforementioned waveform families combine the results of these approximations to create models that
are smooth across the domain of binary parameters.

It is important to note, at this point, that the combination of analytical and numerical approx-
imations of GR is physically achievable if there exist overlapping domains of the binary evolution
where two or more solutions are valid. In the early inspiral and ringdown phases, it is easy to trans-
late NR results into the language of PN and BHPT approaches respectively. In the PN limit, there
is a natural correspondence between the orbital frequency of the binary and the frequency of the
gravitational waves. In the BHPT limit, the gravitational wave strain behaves like a superposition of
damped sinusoids, indicative of the emission of quasi-normal modes (QNMs) from a remnant black
hole. No such correspondence exists during the late inspiral and merger phases, where the physical
description of the system transitions, in a highly non-linear manner, from two distinct compact
objects to a merged remnant. Traditionally, waveform models have ignored the analytical study of
this regime in favor of using NR results to interpolate between the analytically well-defined domains.
The lack of a viable analytical solution presents a unique challenge in waveform modeling since there
is no independent method to validate NR simulation results in this domain. This motivates the need
for the development of analytical models for the merger component and a scheme for attaching them
to inspiral and ringdown models.

Beyond the vacuum dynamics of the binary itself, next generation detectors like LISA [3], will
detect binaries that realistically interact with their astrophysical environments. For supermassive
black hole binaries (SMBHBs) detectable by the upcoming LISA mission, the interaction between
the binary and the gas in its vicinity can lead to periodic EM signatures and may even accelerate
the binary’s evolution via gas torques. A central question in disk-binary interaction is the formation
of the ”circumbinary gap”, a region of low density around the binary. Traditionally, this gap was

thought to be maintained over large viscous timescales, leading to a “decoupling” stage in the



inspiral followed by a delayed post-merger “afterglow” [4]. However, numerical simulations of disk-
binary systems have shown a dynamically rich picture of gap formation and evolution, with the
circumbinary gap shrinking proportionately to the binary’s inspiral and accreting gas into accretion
disks around the individual black holes [5, 6]. This motivates the need for an alternative explanation
for the dynamics of the circumbinary gap.

In the last two paragraphs, I summarized the motivation to explore two broad open problems in
the modeling of the gravitational evolution of black hole binary systems. These problems manifest
at completely different stages of the binary evolution and address two different paradigms within the
field of multi-messenger astrophysics. Even in the absence of decoupling, the effect of astrophysical
environments on binaries is limited to the inspiral since the characteristic speeds of the binary
systems approach the relativistic limit as they transition to the merger phase. Thus, defining the
goals of my dissertation as reconciling the analytical and numerical predictions for the circumbinary
gap and developing an analytical model for the merger component of black hole binaries may seem
like working on two disjoint areas of science. However, the underlying language required to resolve
these problems share a common mathematical and analytical foundation - the impacts of instabilities
in dynamical systems.

As will be shown in this dissertation, both these problems are solved by formulating a dynamical
system - geodesics in black hole spacetimes and the restricted two-body problem. The key observable,
the amplitude of the merger-ringdown strain or the location of the circumbinary gap, can be linked
to a key dynamical instability, that of the black hole light ring or bound epicyclic orbits around New-
tonian binaries. Not only are these resolutions physically sound and tied to the necessary timescales
and mechanisms in the system, but they also provide much needed predictive power for future scien-
tific research. This commonality was not immediately obvious to the broader scientific community
and was a key discovery during the performance of the doctoral research. Thus, the dissertation has
been devoted towards exploring a breadth of topics in multimessenger astrophysics while developing
a depth of rigorous, analytical and numerical tools towards solving problems with the mathematics
of dynamical systems. The central claim of this dissertation is that apparently distinct problems in
black hole binary astrophysics can be clarified by identifying the dynamical instability that controls
the relevant observable. For waveform modeling, this means connecting the merger-ringdown strain
to the remnant-centered dynamics that emerge near merger. For circumbinary disks, this means
connecting the gap location and disk response to the stability of perturbed orbits in the binary
potential. This instability-based perspective provides a common analytical framework for modeling

both gravitational-wave and electromagnetic signatures of black hole binaries.



Chapter 2 applies this instability-based perspective to the vacuum relativistic dynamics of black
hole binaries. After reviewing the weak-field origin of gravitational radiation and the Effective-One-
Body formalism, I present the SEBOB waveform model, which connects EOB inspiral dynamics to
a BOB description of the merger-ringdown.

Chapter 3 applies the same perspective to binary environments. I first review the traditional
resonant-torque picture of circumbinary gap formation and then show why it does not fully explain
the short-timescale disk behavior seen in hydrodynamic simulations. I then present an alternative
account based on epicyclic stability in the binary potential and extend this account from coplanar
disks to inclined disk-binary systems.

Chapter 4 summarizes these results, provides an overview of the insights gained, and discusses
broader implications and future research directions stemming from this instability-based perspec-

tive.



Chapter 2

First principles black hole binary

waveform model

Following the broad introduction to gravitational waves, the necessity of accurate waveform models
and the challenges in their development, this chapter dives into the mathematical formulation of
one such class of models. Gravitational waves emerge as one possible solution to the equations of
general relativity in the absence of matter. Physically, this solution also manifests as the description
of the regions of spacetime far from a compact, localized distribution of matter[7]. Mathematically,

the spacetime metric is written as a small perturbation about flat spacetime,
Guv = M + hyw |h,ul/| <1,

where 7, is the Minkowski metric and h,, is the metric perturbation. It is useful to define the

trace
h = naﬁhaﬂ
and the trace-reversed perturbation
- 1
h/u/ = h/u/ - in/u/h-

After imposing the Lorenz gauge condition

" hy,,, =0,



the linearized Einstein equations reduce to the sourced wave equation

- B 167G

Ohyp = Ty (2.1)

Here, [ is the flat-spacetime d’Alembertian, GG is Newton’s gravitational constant, ¢ is the speed of
light, and 7}, is the stress-energy tensor of the matter distribution. Inverting the wave operator

with retarded boundary conditions yields

B T (t — M,x' )
Py (t, %) = 40—? /Q &z Py XC,| : (2.2)
The integration domain €2 is assumed to be a compact volume occupied by the matter distribution,
with the stress-energy tensor being zero outside this domain. The physical gravitational-wave strain
is obtained from the spatial components after applying the transverse-traceless projection. Taking
the far-zone limit |x| > |x’|, expanding the retarded solution, using stress-energy conservation, and
projecting into TT gauge gives the leading quadrupole result.

The source quadrupole second moment is defined as

Iij(t)z/QdB’x’x'ia:;Too(t,x’). (2.3)

where Tp specifically refers to the energy density component of the stress-energy tensor. This object

is not trace-free. Its symmetric trace-free part is
1
Qij(t) = Lij (t) — §5ijfkk(t)~ (2.4)

The observable radiative field is obtained by applying the transverse-traceless projection in the wave

zone. Thus the leading-order far-zone strain may be written schematically as

2G d? 1
TT TT

hi; (t,r):gﬁ i (t—r/c)—l—O(TQ) . (2.5)
Here, I;; denotes the raw source quadrupole moment, ;; denotes its symmetric trace-free part,
and Qg;T denotes the transverse-traceless projection of the radiative quadrupole in the wave zone.
The quadrupole moment is one of the many multipole moments that describe the symmetries, or lack
thereof, in the distribution of the source. The above derivation is the famous quadrupole formula for

gravitational waves that was derived by Einstein et al. in 1918[8]. While this derivation may seem like



an oversimplification, it is a physically insightful map between the nature of the observable quantity
and the source. Making no assumptions of the source, the pre-factor, i—? ~ 10752 /(g - cm), is
incredibly weak. In order to generate gravitational waves, a system must be spatially asymmetrical
(i.e., possess at least one non-zero multipole moment) and dynamical (i.e., possess at least one
multipole moment that is non-linearly dependent on time). For an order-of-magnitude estimate, the
trace-free quadrupole scales as QQ ~ M R?, where M is the mass of the system, R is the characteristic
size of the system. For a bound system, the characteristic timescale of the system is given by Kepler’s

laws T2 ~ R®/GM, giving us a characteristic strain of

L 2G MR* GM 2GM

réd T2 7 &2r 2R (2.1)

The characteristic strain is inversely proportional to the ratio of the characteristic size of the system
to the Schwarzschild radius, Ry = 2GM/c?. This implies that the strength of the characteristic
strain is maximized when the characteristic size of the system is on the order of the Schwarzschild
radius.

Astrophysically, this severely limits the types of systems that can generate gravitational waves
and, among them, those that can be realistically observed. Ideal gravitational wave sources are
compact, asymmetrical and highly dynamical. The most common sources of gravitational waves
detected by the LIGO-Virgo-KAGRA collaboration have been binary systems of compact objects,
such as black holes and neutron stars [1]. The analysis of individual GW signals can be used to test
the validity of general relativity, models of the interior structure and evolution of compact binaries.
The analysis of the observed population of compact binary mergers provides a significant window
into the formation channels of compact binaries as well as the growth of black hole populations
through hierarchical mergers. It therefore becomes imperative to develop accurate waveform models
that can be used to analyze these signals.

One such family of models are the Effective One Body (EOB) models. The EOB formalism
rewrites the post-Newtonian (PN) 2-body problem as the motion of a test particle in a deformed
spacetime. This strategy was proposed by Buonanno and Damour [9] to provide a geometric descrip-
tion of the PN dynamics. The strategy also had the advantage of asymptoting to geodesics around
a Schwarzschild black hole in the test particle limit. The current generation of EOB-based models
have provided a common language for the multiple analytical and numerical methods employed to
solve the relativistic black hole binary problem. The resulting waveforms have sufficient accuracy

for data analysis for the current generation of gravitational wave detectors. While they are not as



accurate as numerical relativity simulations, and surrogate models derived from them, their intrinsic
analyticity provides a significant advantage in terms of extending to parts of the parameter space

that are not sufficiently explored by numerical relativity simulations.

2.1 Building EOB waveforms

The EOB formalism, introduced by Buonanno and Damour [9], provides a map from the conservative
(absence of GW radiation) 2PN two-body problem to the more geometrical problem of geodesics
in some effective spacetime. Since the mapping is purely conservative, it does not account for the
energy and angular momentum radiated away by gravitational waves, and is thus only a linguistic
map, rather than some representation of the spacetime felt by the binary masses or observers at
infinity. Here, I will provide a pedagogical example for the 1PN case.

We begin by stating the Hamiltonian for the 1PN 2-body problem in reduced (centre-of-mass)

coordinates [9]:

H="Ho+eH (2.2)
2
_pr 1
Ho =" p (2.3)
H —1(3 —1)4—1[(3+ »° +rv(n )2]1+i (2.4)
PR T P Tl R T g '

Where q represents the relative separation vector of the binary (with magnitude r = q), p is
the corresponding momentum vector, € = c% is a PN bookkeeping or order parameter that we will
use to Taylor expand, and n = % is the unit separation vector. It should also be noted that the
non-boldface p and ¢ are the magnitudes of the momentum and separation vectors respectively. We
will henceforth use r interchangeably with ¢ to denote the radial separation.

The corresponding Hamilton-Jacobi equation (HJE) then reads

R—E@+e(1—n)g) 4 20 A=nE) Pt eG+v)  al” (2.5)

r r2

where R is the radial action, E is the energy, [ is the angular momentum, and v = —1™M2 - g
(m1+mz)

the symmetric mass ratio. The expression for R is not unique due to the quadratic nature of the

HJE. However, a single valid solution can be obtained by requiring that R reduces to the Keplerian

value in the non-relativistic limit (¢ — 0). For actions of the form



2B C D

R=A+="+ 5+ 3, (2.6)
A=2E+(1-3v)eE?, (2.7)
B=1+(4—-v)eE, (2.8)
C=—-1>4(6+v)e, (2.9)
Dy = —1ve, (2.10)

We can use Goldstein’s trick (see Page 470, Eq. 10.138-9 of [10]) to evaluate the corresponding

action variable

I, = % j{dr\/R(r,E,l). (2.11)

The limits on this integral are typically the inflection points, or turning points, for orbits cor-
responding to choices of conserved quantities. Goldstein’s trick eliminates the need to compute
inflection points by using the language of complex contour integration and the Cauchy residue the-
orem [11]. Instead of solving the integral twice about the branch of the real line connecting the
inflection points, we invert the contour and excise the branch of the real line so as to include com-
plex infinity and the complex plane. Thus, the value of the above integral is the negative of the
contour integral with contours about the poles of the integrand which in this case are 0 and co.

Calculating the residues at the aforementioned poles and Taylor-expanding them by e, we get

3 1 15 v

Inverting the above equation, the binding energy up to 1PN order can be expressed in terms of

J=land N = J + I, as:

1 6 15—-v

The above binding energy is non-relativistic, in that it does not contain the rest energy of the

system. The complete relativistic version up to 1PN order is

1 1 6 15—v
EFPN,real = 5 - N2 <1 - <]VJ - N2 ) 5) . (214)



In order to map this to the dynamics of a geodesic in an effective spacetime, the Hamiltonian

for a particle evolving in a (non-spinning) metric with up to 1PN relativistic effects is given by:

2 2 1
M= e(1+ea1+e2a?)< Pr +p¢+> (2.15)

r 72 1+ e%l r2 e

Here, a1, as, and by are constants that are to be determined by the EOB matching. It is important
to note that for the Schwarzschild metric, a; = 0, a1 = —2 and b; = 2. As it happens, the action
angle integral for the above Hamiltonian can also be solved by Goldstein’s trick to obtain

af —ap— W =G+ (b - ) eFar

I =1
* 2 <t V—2Fnn

Inverting the above equation and adding the rest energy provides the relativistic binding energy

(2.16)

in terms of the action angle variables N = I, + 1 and J = [:

1 a? a?(2as + a1 (by — 2ay)) a3(7a; — 8by)

rR_1_
E =~ 3Nz 16N3J ¢ 128N4 (2.17)

In order to map the above binding energy to the 1PN result, we introduce the energy map from

the effective spacetime to the real relativistic energy:

1
EBE = 176\/1 +2v (ERe—1) (2.18)

Finally, matching the real and effective relativistic energy up to 1PN order gives the following

equations:

a? =4, (2.19)
at + a2ay — aiby
=3, (2.20)
3 b 4 v—"7
_ailh - W 5y, (2.21)
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which can be solved to give

ay =0, (2.22)
ap = +2, (2.23)
by = F2. (2.24)

Once again, a unique solution can be chosen such that it yields the GR solution for the Schwarzschild
metric in the test particle limit ¥ — 0. Interestingly, at 1PN order, this solution is exactly the 1PN

Schwarzschild solution

P

Ag=1-=5 (2.25)
T
P

B =1+ = (2.26)
'

This completes the EOB formalism for binary dynamics at the 1PN order. While this is a
pedagogical introduction with the first PN effect, the strategy above is used consistently to compute
the state-of-the-art EOB models we see in the literature.

The second important ingredient to build a waveform model is a corresponding physical descrip-
tion of the gravitational wave strain. The final ingredient is a prescription for the radiation-reaction
force that modifies the conservative dynamics to account for the energy and angular momentum
radiated away by gravitational waves. The strategy developed by Damour and Nagar [12] is called
the factorized-resummed approach.

Here, the PN-expanded gravitational wave strains are expanded using the multipolar decompo-

sition and re-written as a multiplicative combination [12]

him = hip) SettTim fime™™™, (2.27)

where hl(i:) is the multipolar strain for a Newtonian binary, S.g is the effective source factor,
T}y is the tail factor, fj,, is the residual PN amplitude contribution, and d;,, is the corresponding
residual phase contribution. This factorization is motivated by matching the PN expanded strain
to the strain from a test particle in a circular Schwarzschild orbit. The source and tail terms
are Schwarzschild contributions that correspond to the curved background of the Schwarzschild

spacetime. To obtain the correct matching, as in the EOB Hamiltonian, f and § are written as

11



polynomials in the PN expansion parameter z = v/c, where v is the orbital velocity of a circular orbit,
and the coefficients are treated as free parameters. The Seg and T}, terms are also Taylor expanded
and the corresponding expansion is matched order by order to the PN expanded gravitational wave
strain. The corresponding radiation-reaction flux is incorporated, for circular binaries, in the form

of an angular momentum flux

dpy

— 2
o =Fo X — > mQ |, (2.28)

lLm
where € is the instantaneous orbital frequency of the EOB trajectory, and the proportionality hides
standard geometric normalization constants dependent on the strain convention.

To generate waveforms using the EOB formalism, the test particle is initialized on a circular orbit.
The equations of motion are then evolved numerically until the test particle reaches a prescribed end
condition such as the innermost circular orbit (ICO) or the innermost stable circular orbit (ISCO) of
the EOB Hamiltonian. The trajectory is used to obtain the gravitational wave strain as a function
of time using the factorized-resummed strain formula.

The next section provides a more detailed strategy to generating waveforms in the EOB formal-
ism. It uses a more state-of-the-art EOB model, SEOBNRv5 [13], which also includes the effects of
the black hole spins and higher order corrections from numerical relativity. Since the post-Newtonian
formalism breaks down during the late inspiral, the EOB model must be augmented with a merger-
ringdown waveform model. The next section introduces the backwards one body (BOB) formalism
for binary merger-ringdowns and details the incorporation of the BOB model into the SEOBNRv5

framework to create the spinning effective-to-backwards one body (SEBOB) waveform model.

2.2 The SEBOB model

All material relevant to this chapter is contained within my publication [14]. The numerical imple-
mentation can be found in the open source repository https://github.com/nrpy/nrpy/ as part of
the seobnrvb5_aligned_spin_inspiral and sebobv2 examples.

The publication in its entirety, including all figures and tables is provided below. My scientific
contribution to this work involved the numerical implementation of the SEOBNRv5 waveform model
[13], the derivation of the inspiral to merger matching conditions, the accuracy and systematic
analysis of the waveform model against numerical relativity results. The end product of the study

is the SEBOB waveform model.

12
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In addition to the scientific formulation of the waveform model, I contributed substantially to the
long term maintenance and documentation of the model within the NRPy codebase. This included the
development of exhaustive code quality tests, robust numerical consistency checks, and continuous

integration pipelines.
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Combining effective one-body inspirals and backwards one-body
merger-ringdowns for aligned spin black hole binaries
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High-fidelity gravitational waveform models are essential for realizing the scientific potential of next-
generation gravitational-wave observatories. Highly accurate, state-of-the-art models often rely on
extensive phenomenological calibrations to numerical relativity (NR) simulations for the late-inspiral
and merger phases, which can limit physical insight and extrapolation to regions where NR data is sparse.
To address this, we introduce the spinning effective-to-backwards one-body (SEBOB) formalism, a hybrid
approach that combines the well-established effective-one-body (EOB) framework with the analytically
driven backwards-one-body (BOB) model, which describes the merger-ringdown from first principles as a
perturbation of the final remnant black hole. We present two variants building on the state-of-the-art
SEOBNRvV5HM model: seobnrv5_ nrngc_bob, which retains standard NR-calibrated nonquasicircular
(NQC) corrections and attaches a BOB-based merger-ringdown, and a more ambitious variant,
seobnrv5_bob, which uses BOB to also inform the NQC corrections, thereby reducing reliance on
NR fitting and enabling higher-order (C?) continuity by construction. Implemented in the open-source NRPy
framework for optimized c-code generation, the SEBOB model is transparent, extensible, and computa-
tionally efficient. By comparing our waveforms to a large catalog of NR simulations, we demonstrate that
SEBOB yields accuracies comparable to the highly calibrated SEOBNRv5HM model, providing a viable
pathway toward more physically motivated and robust waveform models for precision gravitational-wave

astronomy.

DOLI: 10.1103/67¢8-1rv3

L. INTRODUCTION

The last decade of gravitational-wave (GW) astronomy,
driven by observations from the LIGO and Virgo detectors,
has produced a catalog of O(100) compact binary coales-
cences (CBCs) [1]. This has inaugurated an era of gravita-
tional-wave astrophysics, yielding unprecedented insights
into the populations and properties of stellar remnants,
enabling novel tests of general relativity [2], new measure-
ments of the cosmic expansion rate [3], and a deeper
understanding of compact object populations [4]. Looking
ahead, next-generation observatories such as the space-based
Laser Interferometer Space Antenna [5], and the planned
third-generation ground-based detectors Einstein Telescope
[6] and Cosmic Explorer [7], promise order-of-magnitude
improvements in sensitivity. These instruments will regularly
produce signals with signal-to-noise ratios (SNRs) in the
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hundreds or thousands, demanding GW waveform models of
correspondingly higher fidelity. Indeed, even at current
detector sensitivities, systematic errors in waveform model-
ing can appreciably bias inferred source parameters [8], and
reducing such modeling errors will be absolutely critical for
future high-SNR science.

The increasing sensitivity and anticipated event rates
necessitate highly accurate and computationally efficient
gravitational waveform models. These models are the
cornerstone of GW astronomy, essential for detecting signals,
accurately estimating source parameters, and performing
robust astrophysical inference [9]. Current data analysis
pipelines, particularly those based on Bayesian inference,
often require millions of waveform evaluations for a single
event, demanding models that are both precise and fast.

Several approaches model CBC waveforms. Numerical
relativity (NR) simulations provide the most accurate
solutions to Einstein’s equations for the strong-field
merger phase [10], serving as crucial benchmarks. Post-
Newtonian (PN) theory offers analytical approximations
for the early inspiral [11] but breaks down near merger.
Phenomenological models [12] and surrogate models [13]

© 2025 American Physical Society
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TABLE L.

Summary of NR inputs for the (2,2) mode of the SEOBNRv5 waveform model. The first three parameters are calibration

parameters, tuned via Bayesian inference against NR waveforms. The remaining parameters are derived from NR fits and are specified,
prior to calibration, for NQC corrections or the merger-ringdown model. Nominal values for these parameters are found in [15], except
for My and ay, which are given in the listed citations in the Method column. The abbreviation NBI stands for nested Bayesian inference.

Parameter Description Precalibration Method In seobnrv5_bob
ag Effective 5 PN nonspinning inspiral coefficient NBI v
dso Effective 4.5 PN inspiral spin-orbit coefficient NBI v
AfISCO Time shift between EOB ISCO passage and (2,2) peak strain NBI v
|PAR |peak (2,2) mode peak strain amplitude v/ NR fit v/
| }i|§;ﬂk (2,2) mode strain amplitude second derivative at peak strain time v NR fit

wg;ak (2,2) mode frequency at peak strain time v NR fit v
(bggﬂk (2,2) mode frequency derivative at peak strain time v NR fit

M; Remnant mass v NR fit [17] v
ag Remnant spin v NR fit [18] v
CLf Merger-ringdown amplitude coefficient v NR fit e
Cof Merger-ringdown amplitude coefficient v NR fit

dyy Merger-ringdown phase coefficient v NR fit

dy ¢ Merger-ringdown phase coefficient v NR fit

combine analytical insights with fits to NR data. The
effective-one-body (EOB) formalism [14] maps the two-
body problem to an effective particle in a deformed metric,
incorporating PN information, resummation techniques,
and NR calibration. State-of-the-art EOB models like
SEOBNRvV5HM [15] (which includes higher-order modes
and gravitational self-force information) and TEOBResumS
[16] are widely used. While the ultimate goal includes
precessing spins (e.g., via SEOBNRv5PHM development),
accurate aligned-spin models are a crucial foundation.

This paper focuses on advancing aligned-spin EOB
models. While SEOBNRv5HM [15] is highly accurate, its
merger-ringdown and nonquasicircular (NQC) corrections
often rely on phenomenological fits to NR data (see
Table I). This empirical tuning can obscure underlying
physics and limit extrapolation, especially to regions like
extreme mass ratios or nearly extremal spins where NR
calibration is sparse.

To address this, we combine EOB with the backwards-
one-body (BOB) formalism [19]. BOB describes the late
inspiral, merger, and ringdown by working backwards from
the final remnant black hole, effectively treating the late-
stage binary as a linear perturbation of the stationary
remnant. It leverages the idea that outgoing GWs are
driven by perturbations near the remnant’s light ring
[20], with an underlying orbital frequency smoothly tran-
sitioning to the remnant’s quasinormal mode (QNM)
frequencies [21-23]. Notably, the original BOB model
reproduced NR merger-ringdown waveforms to within NR
uncertainty without phenomenological tuning parameters,
suggesting an accurate analytic description of merger
physics from first principles.

Our primary contribution is the spinning effective-to-
backwards one body (SEBOB) model. We present two

distinct strategies for this integration. The first, termed
seobnrv5 nrngc_bob, uses the standard NR-calibrated
NQC corrections from SEOBNRv5HM for the inspiral-plunge
phase, then smoothly attaches a BOB model to analytically
model the plunge, merger, and ringdown. The second, more
ambitious strategy, seobnrv5_bob utilizes BOB not only
for the merger-ringdown but also to inform the NQC
corrections themselves, thereby reducing reliance on direct
NR fits and facilitating, by construction, higher-order con-
tinuity (e.g., C?) at the transition point. SEBOB aims to be an
analytically driven model for the most nonlinear stage,
enhancing robustness where NR calibrations are unreliable.
In comprehensive comparisons to Simulating eXtreme
Spacetimes (SXS) NR waveforms [focusing on the dominant
(¢, m) = (2,2) mode], both SEBOB variants achieve median
noise-free mismatches of M ~2 x 1074, competitive with
SEOBNRvVS and TEOBResumsS, even as the BOB-informed
variant reduces direct NR calibration (see Sec. V).

We implement SEBOB within NRPy [24], an open-source
Python package for symbolic manipulation and optimized c-
code generation. NRPy translates EOB Hamiltonians, fluxes,
and waveform quantities from a human-readable symbolic
form into highly efficient, automatically generated C code,
using advanced common subexpression elimination (CSE)
on Hamiltonian, flux, and strain expressions. This offers
the transparency and flexibility advantages of developing
in Python (making it an “experimental playground”), while
retaining the performance benefits of C. In wall-time
benchmarks (Sec. V), our NRpy-based C implementation
yields ~3x speedups over pySEOBNR [25] for equal and
moderate mass ratios, while remaining competitive with
other state-of-the-art generators, including LALSuite’s
C-based SEOBNRv5_ROMs [26] (when taking into account
the ROM is already in frequency domain). Our analysis
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also identifies the main sources of residual error near the
peak amplitude, pointing to improvements in the treatment
of amplitude curvature that we defer to future work.

In summary, SEBOB addresses several needs for next-
generation gravitational-wave modeling. It aims for
improved accuracy in the late merger-ringdown through
analytic insight, which reduces dependence on empirical
calibration to NR. Furthermore, it is designed for computa-
tional efficiency and scalability suitable for the data rates
and parameter-space demands of future observatories.
Finally, it promotes enhanced reproducibility and trans-
parency through its open-source implementation. The
remainder of this paper is organized as follows: Sec. II
details the SEOBNRv5HM formalism. Section III introduces
BOB and our SEBOB integration prescriptions. Section IV
discusses the NRPy implementation. Section V presents
accuracy and performance comparisons. Section VI con-
cludes with a discussion of the results and future directions.

Throughout this paper, we employ geometrized units
(c=G =M =1). Time derivatives are denoted by an
overdot (e.g., X = dX/dt). The symmetric mass ratio of a
binary is given by n = mm,/(m; + m,)?, where m; and
m, are the masses of the component black holes. The
dimensionless spin angular momenta of the individual

black holes are represented by y; = §,/ m?. Waveform
angular frequency i.e., derivative of the waveform phase,
is denoted by @ and orbital frequency i.e, derivative of the
azimuthal angle, is denoted by Q.

II. SPINNING EOB WAVEFORMS

The original EOB formalism [14] canonically mapped
the nonspinning, second-order PN two-body problem to the
geodesic motion of an effective test particle in a modified
Schwarzschild spacetime. Subsequent advances, including
higher PN orders, spins, resummation techniques, and
calibration against NR data, have yielded state-of-the-art
models such as SEOBNRv5HM [15] and TEOBResumS
[27]. While these models share foundational EOB princi-
ples, this work focuses specifically on SEOBNRv5HM. This
section details the analytical foundations of SEOBNRv5HM,
discusses the incorporation of NR data into the formalism,
and outlines the NR parameters essential for constructing
inspiral-merger-ringdown (IMR) waveforms.

Within the EOB formalism, the conservative
Hamiltonian H,., of the PN dynamics is canonically
mapped to an effective Hamiltonian H.y via the relation,

1
Heeas = Z 1+ 277(Heff - 1) (1)
The effective Hamiltonian H.y describes the geodesic
motion of an effective test particle in a modified Kerr
metric g,,(x/), with canonical coordinates and momenta
denoted by {x/,p;}. It is derived from the relativistic

mass-shell constraint, ¢“p,p, = —1, supplemented by a
potential Q(x/, p;) that accounts for quartic [O(p})] and
higher-order corrections to geodesic motion. The effective
Hamiltonian is given by,

IOMe + O Heepi + 6 pip; + QW pj) = =1 (2)

Expressed in spherical polar coordinates (r, ¢p) with asso-
ciated momenta (p,, p,), the effective Hamiltonian also
takes the form,

Heff = Hodd =+ Hevenv (3>

where H 44 encodes spin-orbit interactions, H.,., descri-
bes orbital motion, and p,, represents the system’s canoni-
cal angular momentum. For a detailed expansion of the
Hamiltonian, readers are referred to Sec. Il and Appendix A
of Ref. [15]. In the nonspinning limit (a; — 0, denoted
by the subscript noS), the orbital component H,,., sim-
plifies to,

2
p
Hevcn|a,»—>() = \/Anos <1 + AnoSDnoSp%* + r_;ﬁ + QnoS) .
(4)

The functions A,yg, Dps, and Q.5 incorporate the canoni-
cally mapped PN information in this limit. To improve
computational efficiency and numerical stability closer to
the effective horizon, the coordinates (r, p,) are trans-
formed to tortoise coordinates (r,, p, ) via,

dr, 1

Pr. = fprs dr :E (5)

&= Anos V D5,

Inspiral gravitational waveform modes #h;, are con-
structed using a factorized representation, hfm, derived
from PN waveform modes. These modes depend on the
binary parameters (7, y,¥>), the canonical phase space
variables (7, p), the EOB Hamiltonian H,.,, the instanta-
neous orbital frequency Q = d¢p/dt, and Q;,., which is the
corresponding frequency for a circular orbit (p, — 0) at
radius r. Gravitational radiation reaction is incorporated by
resumming factorized modes Al into a dissipative flux
term that modify Hamilton’s equations. The angular
momentum flux F, and the corresponding radial flux

F, are given by,

Fp=—g_>_ D mIh,l. (6)
=2 m=1
Pr
F,=""F, 7
gl ? (7)
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The canonical coordinates and momenta are evolved
numerically using Hamilton’s equations of motion, with
the fluxes ¥, and F, included as external force terms,

ar_ 5% (8)

% _ 03';;:11 e 9)
s SN
dé?:ﬁ Fy. (11)

The equations of motion are typically integrated until the
orbital frequency Q or the time derivative of the radial
momentum dp, /dt reaches an extremum. At each inte-
gration time step, auxiliary quantities (H,.y, €2, and Qg..)
that are necessary for computing the factorized waveform
modes A} are evaluated alongside the canonical variables.

A. Numerical relativity in the EOB formalism

The EOB formalism, as presented thus far, relies
primarily on analytical PN approximations of general
relativity. To enhance the accuracy of inspiral waveforms
for gravitational-wave signal parameter estimation, correc-
tions from NR are essential. This subsection details the
three primary NR inputs used to construct the full IMR
waveform: NQC corrections, the merger-ringdown (MR)
waveform model, and inspiral calibration parameters.

First, NQC corrections are applied to improve waveform
accuracy in the plunge regime, where the quasicircular
orbit approximation used for A% becomes invalid. After

obtaining the EOB trajectory and factorized waveform, the

NQC-corrected inspiral-plunge waveform hisPP""e g

computed as,

hlznzspplungeih}: [ + f;ﬂ( 1_|_ 2, 3/2>]e'(b1”'*+b2,g>
(12)

Coefficients {a;,a,,a3} and {b;,b,} are determined by
msp plunge

matching £, s amplitude and frequency (defined as
the phase denvatlve) to corresponding NR values at a
specific time, 5. This A5 corresponds to the peak
amplitude of the NR (2,2) mode strain, related to EOB
dynamics via the tunable parameter A#5O:
k

ek — fISCO _ AASCO, (13)
Here, 1'5C© denotes the time the EOB trajectory crosses the
innermost stable circular orbit (ISCO) radius of the remnant

black hole. The remnant’s mass M ; and dimensionless spin
ay, essential for ISCO radius calculation, are obtained from
NR fitting formulas [17,18]. To determine the amplitude
coefficients {a, a,, as }, the factorized EOB waveform and
trajectory are interpolated near tgzak. These coefficients are
then found by enforcing agreement between the NQC-
corrected EOB amplitude | /255" P"""| (and its first two time
derivatives) and the corresponding NR amplitude |AYR

(and its first two time derivatives, with the first derivative

being zero at peak amplitude), all evaluated at 55,

Ql Qz QS a |h |_ |h
Ql Qz Q3 ay | = _|h __|h )
Q9 9 9; as dtz |hNR| _F|h e

(14)

2 2 2
_ F Pr. Pr, Pr,
= |:|h22 {rZQZ_’_r3QZ ) r7/292}:| K (15)
— tpe\

Similarly, phase correction coefficients {b, b,} are deter-
mined by matching the NQC-corrected frequency w,, =

depyy/dt and its time derivative @,, of the NQC-corrected

EOB waveform to corresponding NR values at 255,

(731 P2><b1> _ a)ng—wgz (16)
Pl PZ b2 a)ng - 0)52 Ig;ak’
_ [Jpy P
P= H’Q ’ rQ}]z:r‘z";“k' (17)

Given the trajectory and the factorized waveform, the
quantities Q and ‘P can be interpolated, spline-differentiated,

and evaluated at tpea Equations (14) and (16) are then solved
numerically to determine the NQC coefficients {a;, a,, as }
and {b,b,}, respectively. Second, the EOB formalism
incorporates a separate MR model to specify the full
gravitational strain of a black hole binary merger. In
SEOBNRvS5, MR waveform modes are modeled as the
emission of quasinormal modes (QNMs) [21] from the
remnant black hole, with amplitudes and phases modulated
by phenomenological functions fitted to NR data,

QNM

hglzerger—ringdown(t) — Azz(l)ei'ﬁzzme_mzz (- tpedk>’ (18)

Ay (1) =ney o tanh [c) (1 — fggak) +cof) +caen (19)

e —d - log| e (20)
¢ = ¢o — d log T Ttdy, |”
B =gt o (21)
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Here, w%NM and T%NM are the frequency and damping time

of the dominant (2,2) QNM. These are calculated as
functions of the remnant mass M, and spin a, (obtained
from NR fits) using tools such as the QNM package [28].
Coefficients {c; s, ¢, s, d; s, d, ¢} are determined by fitting
to a catalog of NR waveforms. The remaining coefficients
{ClesCaerdie po} are fixed by requiring C! continuity
(continuous value and first derivative) when attaching the
MR waveform to the NQC-corrected inspiral-plunge wave-
form at 55

Third, after NQC corrections and the MR model struc-
ture are incorporated, the overall accuracy of the resulting
IMR waveform is further enhanced by tuning three param-
eters {ag, dso, A0} within the EOB dynamics against a
large set of NR waveforms. The parameter a4 is a pseudo-
PN coefficient entering the nonspinning inspiral potential
Apos at SPN order,

94 417°
Apos :1—2u+217u3+17<———ﬂ>u4

3 32
N 22757> 4237 N 12875 N 256 In 2
T\ 512~ 760 5 5

2<4l7z2 221) 64 }5
+nl—=——-—— | +—nlhulu

32 6 5

144> 70045
— -—— 1 6 22
+[na6+< 5 105>nu}u, (22)

where u = 1/r is the inverse of the radial separation. The
parameter dgg is a pseudo-PN parameter that enters the
spin-orbit Hamiltonian at the 4.5 PN order,

]
Py(9a.ay +9a_a_) +ndsou’ pya, + G

H —
odd r3+ai(r—|—2)

, (23)

where the spin combinations ay = y;m; + y,m,, g,, are
the corresponding gyrogravitomagnetic factors, and Gzl;g"
contains cubic-in-spin couplings [see Eqs. (26)-(30) of
[29]]. The third A'S€O parameter, defined earlier, encodes
the time between ISCO crossing and the peak of the NR
waveform. These three parameters are calibrated via Nested
Bayesian inference, minimizing mismatch against a set of
446 SXS [10] (and one Einstein Toolkit) waveforms. The
inference proceeds in stages: first, nonspinning waveforms
constrain a¢ and the spin-independent components of
A1S€O; subsequently, dgq and the spin-dependent compo-
nents of A0 are constrained. Crucially, this calibration
is performed on NQC-corrected, merger-attached wave-
forms. Consequently, NR-derived parameters for NQC cor-
rections (|h\R[peak [jy[pe2k gPeak 5Py and MR model fits
(cif.dig, My, ay) are considered “precalibration” inputs,
fixed prior to the final tuning of {ag,dso, AfSCOY.

The complete set of NR-derived parameters for the
SEOBNRv5 model is summarized in Table 1.

The SEOBNRvS5 waveform model, which combines
novel PN approximation approaches with advances in
accurate NR simulations, provides highly accurate tem-
plates for analyzing gravitational wave signals from black
hole binary mergers observed by LIGO, Virgo, and
KAGRA. The model [15] is implemented in Cython
within the open-source package pySEOBNR [25]. For faster
waveform evaluation, a reduced-order surrogate model,
SEOBNRv5_ ROM, is also implemented in C as part of
LALSuite’s [26].

III. BACKWARDS ONE-BODY WAVEFORMS

The BOB formalism [19] models the late inspiral and
merger-ringdown stages of black hole binary coalescence.
It describes these phases as dynamical perturbations propa-
gating outward through null congruences near the rem-
nant’s light ring, superposed on the stationary spacetime of
the merged remnant black hole. This section first reviews
BOB’s mathematical formulation, then presents and jus-
tifies two distinct prescriptions for matching EOB inspiral
waveforms. Throughout this section, w(z) and related
quantities like wy and wqny refer to the gravitational
waveform frequency for a given (I, m) mode.

The BOB formalism models gravitational wave pertur-
bation amplitudes using the Newman-Penrose scalar [20]
w4, which represents the second derivative of the gravita-
tional wave strain, /1. Based on the divergence of null
congruences near the light ring, the amplitude of each
(I, m) mode is given by [cf. Eq. (5) in Ref. [19]]:

t—1,m
Alm(t) = |l//4,lm| = Ap,lmseCh< 2l >’ (24)

Tim

where (), ;,,, A, ;;n) correspond to the time and value of the
peak y ;,, amplitude for that mode, and 7;,, is the damping
time of the (I,m) QNM [21] of the remnant black hole.

The waveform phase derivation assumes a single under-
lying orbital frequency Q(¢), which governs all multipole
frequencies via @, = m€. This frequency evolution is
inferred from the identity [30,31] relating the news func-
tion, N}, = hy,, to the frequency evolution,

dQ?
2 2. 25
Wil o2 25)

Combined with the adiabatic relation |y ,|* ~

m*Q2N [ (more precisely, [y, |* o m*Q? 42 which
leads to the form below) that assumes a negligible con-
tribution from the news amplitude derivative to y,, we
obtain an expression for m;,, = m€. Dropping mode labels,

the frequency w(t) is given by,
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ot0) = {oi kst (12 —uamn (0 2) )1

(26)
with k defined as,
a)4QNM - wé
1 — tanh (%)

where #, and @, are the time and waveform frequency at a
reference point, and wqny is the fundamental QNM
frequency of the remnant black hole. Integrating w(¢) then
yields the waveform phase ¢(r),

k= (27)

(1) = ¢o + o 7(arctan, + arctanh, )

— w_g(arctan_ + arctanh_), (28)

where ¢ is the phase at the reference time ¢\, @, are the
frequencies evaluated in the limit # — %00, and the terms
arctan. /arctanh, are defined as,

arctan, = (tam‘1 <i> —tan™! <ﬂ>) (29)
W4 W4

arctanh, = <t.amh‘1 (i> — tanh™! <ﬂ>> (30)
(LS W

where tan™! and tanh™! are the inverse tangent and inverse
hyperbolic tangent, respectively.

To relate y,4 to the gravitational wave strain 4, we assume
the phase evolves linearly at leading order near merger,
yielding w4 = h ~ —w()*h. Under this approximation, the
complex strain is given by,

2 sech %
"= |Z(E|;)020 sech <('°Tt”))

where |hg| is the strain amplitude at the reference time .
A condition relating ¢, to f, is required. For matching

with SEOBNRVS5, f, is chosen as the time of peak strain
amplitude, 55, the natural end point of the EOB inspiral.
Requiring d|h|/dt =0 at t = ¢, leads to the following

expression:

exp (igp(1)). (31)

tp_to—ZTln( @0 ) (32)
WQNM
where the identity
1 1 +x
h=!(x) = -1
tanh™' (x) 3 n(l —x) (33)

is used to invert the hyperbolic tangent function.
Equation (32) differs from the 7, condition derived in

Eq. (9) of Ref. [19], which imposes C? phase continuity and
depends on @ for an arbitrary matching time #,. However,
within the EOB framework, NQC corrections ensure a peak
in the strain at the matching time. This choice for ¢,
therefore ensures the matching point corresponds to the
peak strain amplitude in both the EOB and BOB models.
This approach, implemented in the seobnrv5 nrngc
bob model, utilizes BOB to model the merger-ringdown,
attached to the NQC-corrected EOB inspiral.

Alternatively, BOB can directly provide NQC correc-
tions. The conventional SEOBNRvS5 NQC corrections
[cf. Eq. (12)] rely on NR fits to the peak amplitude,
frequency, and their derivatives at the peak strain time. With
the BOB approach, these derivatives are instead computed
analytically from the BOB model [Egs. (26) and (31)]
evaluated at the peak strain time. The functional form of
the NQC-corrected inspiral-plunge waveform from Eq. (12)
is maintained, but the coefficients {a,, a,, as, by, b,} are
instead determined by requiring agreement with the BOB-
predicted values for the strain amplitude |hgog|, its first
time derivative [which is zero at 7, by construction using
Eq. (32)], its second time derivative d?|hgog|/dt*, as well
as the frequency wpgog and its first time derivative
dwgog/dt|, all evaluated at #,. This model is implemented
in NRPy as seobnrv5_ bob.

The approach of using BOB to inform NQCs is moti-
vated by the observation that the peak strain occurs close to
the perturber crossing the remnant ISCO, a regime par-
ticularly apt for BOB’s description. It reduces reliance on
direct NR fitting for NQC parameters by leveraging BOB’s
analytical structure. Primary NR inputs are thus limited to
the remnant properties (mass and spin, which determine
wonm and 7) and the strain amplitude |A| and frequency wy
at the matching time #,. Furthermore, while the SEOBNRv5
merger-ringdown attachment guarantees only C' continuity
(continuous complex /& and /) at the matching point #,,
employing BOB for NQC computation inherently links
inspiral corrections to the merger-ringdown model, thus
enabling C? continuity (continuous A, /1, 1) by construction.

Conversely, NQC corrections are applied to the entire
inspiral waveform via their dependence on EOB dynamical
variables (p, ,r,€2). For generic noncircular orbits, the
physically correct dependence may involve PN waveform
predictions. In such cases, BOB may not provide a complete
description of the inspiral’s NQC corrections. Therefore,
employing BOB solely as a merger-ringdown attachment
(seobnrv5 nrngc bob) retains the NR-calibrated
NQC:s for the inspiral and could be advantageous.

Equation (32) implies that the merger-ringdown wave-
form is determined solely by the strain amplitude |/,| and
frequency @, at the matching time f,, along with the
remnant mass and spin used to calculate wony and 7.
Thus, BOB waveforms eliminate all NR-informed degrees
of freedom in modeling the merger-ringdown evolution,
provided that the remnant mass and spin themselves are
predicted from inspiral parameters without direct NR fitting
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(e.g., using methods like those in Ref. [32]). This can also
aid in calibrating the EOB Hamiltonian to accurately
predict remnant mass and spin directly from the inspiral
dynamics (see Ref. [32]). Although the BOB formalism can
model any gravitational wave mode (/, m), our analysis in
this paper is restricted to the dominant (2,2) mode. The
combination of BOB’s analytical model for the merger-
ringdown with the EOB inspiral’s analytical foundations
into an EBOB framework aims to describe the complete
black hole binary coalescence waveform analytically and
from physical motivations. In Sec. V, we will assess the
fidelity of BOB predictions against numerical relativity
data and examine the impact of using BOB-derived NQCs
on overall waveform accuracy.

IV. NUMERICAL IMPLEMENTATION

The SEBOB waveform model, comprising the
seobnrv5 nrngc bob and seobnrv5 bob variants,
is implemented in the open-source NRPy framework
[24,33]. NRPy, built upon the Sympy library [34] for sym-
bolic manipulation, translates all required EOB and BOB
mathematical expressions into highly optimized, modular C
code. This symbolic-to-numerical workflow, which exten-
sively applies CSE to reduce runtime costs, facilitates
transparency, extensibility, and high performance.

The generated C code is self-contained and can be
compiled as an executable or linked as a library. It relies
on the GNU scientific library (GSL) [35] for core numerical
tasks, including root-finding, ordinary differential equation
(ODE) integration, interpolation, and linear algebra. This
structure enables seamless integration into gravitational-
wave data analysis packages such as LALSuite [26] by
avoiding Python-to-C overhead, and supports deployment
within infrastructures such as BlackHoles@Home [33] for
large-scale model calibration and waveform generation.

A. EOB dynamics: Initial conditions and evolution

1. Initial conditions

EOB evolution begins by determining initial conditions
for the canonical phase-space variables {r,¢,p, .p,}.
First, for a user-specified initial orbital frequency €, the
initial orbital separation r, and azimuthal momentum p
for quasicircular orbits are obtained by solving the two-
dimensional nonlinear algebraic system,

dpr a,]-[real(r? Pr. = 0, p¢)

= -0 34
dt or ’ (34)
d¢ a,Hreal(r’pr =0, pcﬁ)
—= - = Q.

This system is solved using GSL’s hybrid Powell multidi-
mensional root-finding algorithm. The first condition is

equivalent to no radial motion since p, = 0 guarantees
dr/dt = 0 since the Hamiltonian is quadratic in p, .

Second, the initial radial momentum p, , typically small
but nonzero for dissipative inspirals, is determined by solving
a one-dimensional root-finding problem using GSL’s Brent-
Dekker solver. The radial momentum is derived by equating
the initial conservative radial velocity 74y, = £0H a1 /0P, tO
the radial velocity due to radiation reaction i,q = gy in the
adiabatic limit, with i,4 given by [32]

a,]_(real(r =T0:Pr,>»Pp = p¢,0)

i,dyn = ap , (36)
Fy
o= T 37
T'rad dE/dr ( )
oH PH
dE _ |op, o (38)
dr G
ap¢!3r (r:ro,]’y*»pdi:p’/’ﬂ)

The initial phase ¢, is set to zero.

2. Orbital evolution

With initial conditions established, Hamilton’s equa-
tions of motion are integrated forward in time using a
GSL adaptive eighth-order Runge-Kutta Prince-Dormand
method (or similar) with error control. Tortoise coordinates
(rs, pr*) are used to enhance numerical stability, particu-
larly near the EOB horizon analog. Integration terminates
after a radial separation of 6M is reached and one of the
following conditions is met,

(i) The orbital frequency € reaches a maximum and
begins to decrease, indicating an unphysical peak in
frequency evolution.

(i) dp, /dt becomes positive or peaks, indicating an
unphysical outspiral.

(iii) dr/dt becomes positive, indicating an unphysical
outspiral.

(iv) The orbital separation r drops below a predefined
minimum (e.g., related to rigcg). This is only
realized in cases where the parameter A0 is
positive, indicating the NR waveform strain peaks
before the EOB trajectory reaches the ISCO of the
remnant black hole.

(v) The circular orbit frequency Q. exceeds unity at
radius r < 3M. This is indicative of unphysically high
rotation speeds and is used to terminate the integration.

Throughout the integration, quantities required for radia-
tion reaction fluxes (F,, F,) and waveform modes (hfm),
such as H.y, €, and Q;,., are computed from the phase-
space state and binary parameters. These quantities are
stored at variable resolution, with coarser sampling during
the early, slower inspiral and finer sampling of the last
250M in time for performing NQC corrections.
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3. Factorized waveform generation

Factorized inspiral waveform modes A} = are computed at

each step of the finely sampled EOB trajectory. These modes
are constructed symbolically within NRPy and generated into
optimized ¢ code. This symbolic generation significantly
facilitates faster computation of waveform modes, particu-
larly by enabling precomputation of coefficients that depend
only on constant binary parameters. This benefit is particu-
larly important for precessing binaries, where these coef-
ficients become time dependent due to spin vector evolution
and thus cannot be precomputed during integration.

B. Nonquasicircular corrections
and merger attachment

To accurately model the late inspiral and plunge, NQC
corrections are applied to the dominant (I =2,m = 2)
factorized EOB mode /5,, as described by Eq. (12). This
involves determining the NQC amplitude coefficients
{ai,a,,a3} and phase coefficients {b;,b,} by solving
3x3 and 2 x 2 linear systems [Egs. (14) and (16)],
respectively, using GSL routines for lower-upper decom-
position and forward/backwards substitution.

These systems require quantities computed at the pre-
dicted matching time, t,, defined as,

to = ASCO _ AtISCO’ (39)

where 15C0 is the time the EOB trajectory crosses the ISCO
radius of the remnant black hole, and A0 is a calibration
parameter that sets the time at which the NR waveform
strain peaks relative to the ISCO time. Both /50 and ¢, are
determined from the finely sampled portion of the trajec-
tory by identifying the nearest index in the radial or time
arrays, followed by interpolation between the ten nearest
sample points at higher resolution.

In a minority of cases, if ODE integration terminates
before the perturber crosses the remnant ISCO or before ¢,
then 7, is set to the last sample point of the trajectory.
Consistency in NQC coefficient calculation is crucial, as
GSL cubic spline interpolation (used for time derivatives at
the last sample point) applies natural boundary conditions,
while pySEOBNR (also used) employs not-a-knot boundary
conditions, leading to significant differences. To ensure
consistency, we modified pySEOBNR to use natural boun-
dary conditions for all its cubic spline interpolations.

1. seobnrv5 nrngc bob: NR-informed NQCs
and BOB merger-ringdown

This variant mirrors the SEOBNRvSHM approach for
NQC corrections. The target values for the right-hand side
of Egs. (14) and (16)—specifically, the amplitude |A)Y|, its
first and second time derivatives, the frequency w}X, and its
first time derivative—are derived from fits to NR simu-
lations, evaluated at the peak of the (2,2) mode of the strain.

After constructing the NQC-corrected inspiral-plunge
waveform AP the BOB model (Sec. III) is attached
at 1 to describe the merger and ringdown. This attachment
procedure ensures C' continuity of the complex strain 4 and
its first time derivative & at .

2. seobnrv5 bob: BOB-informed NQCs
and merger-ringdown

This model integrates BOB more deeply into the inspiral
by leveraging it to inform the NQC corrections. The func-
tional form of the NQC corrections [Eq. (12)] is maintained,
but the target values for the linear systems are sourced
analytically from the BOB model itself [Egs. (26), (31), and
(32)], evaluated at f, = 5. Specifically, the required
amplitude and frequency derivatives at the matching time,
(d*|hgog|/dr*|,, and dwpog/d1], ), are computed analyti-
cally from the BOB equations, with NRPy performing
symbolic differentiation and generating C code for their
evaluation. Remnant parameters M, and a; (essential for
computing wgny and 7 within the BOB model) are obtained
from NR fits [17,18]. The QNM frequency wgny and
damping time z are computed by interpolating over a set
of 107 values of the final spin and the corresponding QNM
values computed in Python using the QNM package [28].

Once NQC coefficients are found using either BOB-
derived or NR-informed targets, h5sPP""* is constructed
by multiplying the factorized waveform A5, by the NQC
correction given in Eq. (12). Since the factorized waveform is
computed at the sample points of the ODE trajectory, no
additional interpolation is required. For t > ¢, the waveform
is subsequently described by the same BOB model used for
NQC targets. This construction, leveraging BOB-derived
NQC targets and the BOB model for merger-ringdown,
inherently ensures C> continuity of &, /2, and / at .

In order to perform consistency checks against the
SEOBNRvV5HM model, we also implement the native
SEOBNRvV5HM merger-ringdown model given in Eq. (18).
This model is implemented in NRPy as seobnrv5 nrpy.

The SEBOB waveform code used in this paper can be
generated with the following commands (flag -h provides
instructions to generate specific variants):

1. pip install git + [36]

2. python3 -m nrpy.examples.seobnrvb
aligned spin inspiral -h

The ¢ code can be built and run with the following
commands (flag -h provides instructions to pass input
parameters):

1. cod project/seobnrvs aligned spin
inspiral

2. make

3. ./seobnrv5 aligned spin inspiral-h

To access up-to-date versions of developmental features
discussed in this paper, we recommend directly cloning the
repository—git clone [37].
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V. RESULTS

We present a systematic evaluation of the SEBOB
waveform model. After verifying numerical consistency
between our NRPy implementation and the public pySEOBNR
code, we compare SEBOB and other state-of-the-art EOB
models to all 607 quasicircular, aligned-spin black hole
binary, NR waveforms from the SXS catalog (v2025.0.10
release [38]). We then test the key assumptions underlying the
BOB merger-ringdown approximation and, finally, bench-
mark the computational efficiency of our implementation.

Throughout, waveform accuracy is quantified by the
noise-free mismatch of the dominant (2,2) strain mode,

[(h1|ha)]
M(hy, hy) =1 - ——————, 40
(7o) (hilhy)(holha) 40
with inner product
(hi|hy) —/ET(f>ﬁz(f)df, (41)

where A(f) is the Fourier transform of the real part of the
time-domain strain A(¢). The mismatches are calculated
using the open source Python package PyART [39].

A. Numerical consistency

A known implementation difference between NRPy and
pySEOBNR 1is the choice of cubic-spline boundary condi-
tions, which in turn affects NQC coefficients when the peak
strain time is not attained by the trajectory. To isolate purely

120 = e e
=N [_pySEOBNR
100 [ i S ’pySEOBNR_pert T
] Y ___pySEOBNR_nat
80 L 194 i
-
e
o) 60 r 1
Q
40 - -
20 F j .
O T s T T
10 10 10 10 10 10
Mismatch
FIG. 1. Mismatch histograms between the public pySEOBNR

implementation and the SXS catalog. The orange curve (py-
seobnr_ pert) shows round-off-level perturbations; the green
curve (pyseobnr nat) adopts natural-spline boundary con-
ditions. Vertical lines mark median mismatches. The green curve
has a slightly higher median mismatch than round-off perturba-
tion indicating a small number of cases where the spline
boundary conditions affect the accuracy of the calibration.

T ALY T LY
.1 [ IpySEOBNR_nat
100 + N .
s0F [ -
=
Z 60r .
O
40 F .
20F [~ .
0 sl vl | | M ETIT
10->  107* 10=% 1072 107! 10°
Mismatch

FIG. 2. Mismatch histograms comparing the NRPy imple-
mentation of SEOBNRv5 with pyseobnr nat against the
SXS catalog. The orange curve (pyseobnr nat pert) is
pyseobnr nat with round-off-level perturbations. The NRpy
implementation (green) is consistent with the pyseobnr_ nat
version due to the mismatches overlapping within the binwidth
compared to round-off perturbations.

numerical effects we consider two modified pySEOBNR
variants,
(1) pyseobnr pert, which applies random 1071°-
level perturbations to the mass ratio and spins.
(2) pyseobnr nat, which replaces all interpolations
with natural splines [40].
Figure 1 shows that altering the interpolation boundary
conditions induces slightly larger mismatches than round-
off perturbations. By contrast, Fig. 2 demonstrates round-
off-level agreement between NRPy and pyseobnr nat,
confirming that our code faithfully reproduces the core
SEOBNRvS5 dynamics. In Table II, we state the typical
frequency of cases when the estimated peak time is not
encountered. We profile stop conditions for a random
combination of 5000 mass ratios, spins, and start

TABLE 1II. Frequency of ODE stop conditions for the
SEOBNRv5 waveform model. The conditions are calculated over
5000 randomly sampled points with 1 < g <20, —0.999 < y; <
0.999, and 5 x 1073 < Qg < 1.5 x 1072, The frequency for the
607 quasicircular, spin-aligned, black hole binaries simulated by
the SXS catalog is given in brackets. For each stop condition,
we specify how often the ODE was terminated before remnant
ISCO and/or A5 crossing. The two non-ISCO crossings when
r < Fyop < Tisco» happen because dtgpg ~ 0.1 = dtgmpe at last
time leading to the exclusion of rigcq in the fine sampling.

Condition Total ISCO Peak
Q peak 3220(369) 78(0) 530(20)
P, peak 1080(103) 0(0) 0(0)
>0 6(0) 0(0) 0(0)
r < Tyop 684(132) 2(0) 0(0)
r<3and Q> 1 10(3) 0(0) 0(0)
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FIG. 3. Mismatch histograms comparing state-of-the-art EOB

models, including SEOBNRv5, TEOBResumS-GIOTTO [16],
and the two SEBOB variants that differ only in their NQC
prescriptions against the SXS catalog. All models achieve median
mismatches M ~ 2 x 1074,

frequencies to estimate how often this can be encountered
during parameter estimation. We note that NQC conditions
are evaluated at the endpoint of the trajectory in 10% of the
random sample and 3% of SXS simulations.

0.3F -
~0.2F -
o
<
—
=
0.1F -
0.0 -
—-0.2 -
g —0.4 F ——SXS:BBH:1468 .
.......... seobnrv5_nrpy
— = seobnrvb_nrnqc_bob
—0.6 - - seobnrvs_bob 7
1 1 1 1
—200 —100 0 100
t(M)

FIG. 4. Waveform strain amplitude (top) and frequency (bot-
tom) of the (2,2) mode for the lowest mismatch case (SXS:
BBH:1468) (¢ = 3, y; = —0.599, y, = —0.399), and the corre-
sponding seobnrv5 nrpy, seobnrv5 nrngc bob, and
seobnrv5_ bob quantities assuming the same system param-
eters. We note that the BOB-derived NQC corrections provide an
accurate description of the frequency before and after the merger.

B. Accuracy of SEBOB

Figure 3 compares mismatches against the SXS catalog
for all publicly available EOB models. Both seobnrvs
bob and seobnrv5 nrngc bob are competitive with
existing models, with a small loss in median accuracy
due to the replacement of NR-fitted information in the
merger-ringdown regime with BOB. To highlight how
BOB-modeled merger-ringdown and NQC corrections
manifest in the waveform, we show the waveform strain
amplitude (top) and frequency (bottom) of the (2,2) mode
for the case where BOB is least accurate against SXS
compared to SEOBNRv5 (Fig. 4) and the case where BOB
is most accurate against SXS compared to SEOBNRvV5
(Fig. 5). Comparing both cases, we find that BOB provides
a more accurate description of the frequency evolution
compared to the amplitude, even when used as a replace-
ment for NR-fitted NQC corrections. Particularly, in
Fig. 5, we note that seobnrv5_ bob poorly models the
curvature (second derivative) of the amplitude close to the
peak. Since BOB uses the assumption of adiabaticity
(|| ~ |pa|@?, ie. |ws| is slowly varying), the variation
of the strain amplitude is not described accurately if the
variation in the y, amplitude is non-negligible. In the

0.15 F E
__0.10F .
Q
<
=
=
—0.05F -
0.00 .
—-0.2 -
~—03F .
Vg ——SXS:BBH:2514
3 -04r a
""""" seobnrvb_nrpy
_0.5 - — — seobnrvS_nrnqc_bob i
- - = seobnrv5_bob
—0.6 I I I I
—200 —100 0 100
t(M)
FIG. 5. Waveform strain amplitude (top) and frequency (bot-

tom) of the (2,2) mode for a high-mismatch case (SXS:
BBH:2514) (¢ =8,x; =0.599,y, = 0.599), and the corre-
sponding seobnrv5 nrpy, seobnrv5 nrngc bob, and
seobnrv5_ bob quantities assuming the same system param-
eters. We note the significant loss in amplitude accuracy prior to
merger for this system when BOB is used to compute NQC
derivatives.
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FIG. 6. Scatter plots of mismatch versus the four error metrics ¢,_, defined in Eqs. (44)—(47). The BOB assumptions are
approximately satisfied for the catalog, with only weak correlations to the mismatch.

subsequent discussion, we will assess the validity and
impact of the BOB postulates and assumptions.

C. Validity of BOB

The BOB derivation assumes (i) a common phase ¢ for
w4, the news N, and the strain £,

by, ==y =9, (42)

and (ii) an adiabatically varying amplitude,

W1 _ vl

h| ~
||~a) w?’

(43)

where w = ¢. To quantify departures from these postulates
we compute four root-mean-squared errors (RMSEs) over
the interval [z, to + 20M] following peak strain #,,

dw? V2
=RMSE(a"Z [N ); a=
“ <“ i M > “ <da)2/dt>

(44)

9
)

€, = RMSE(A(r), A sech[(r —1,)/7]). (45)
€3 = RMSE(w,,,, ®,), (46)

¢, = RMSE(|h

Nwal/@?). (47)

Figure 6 shows that BOB’s core relations hold to
good accuracy for quasicircular, aligned-spin binaries;
the largest mismatches coincide with elevated e¢; and e,.
Improvements will therefore focus on the news-frequency
linkage and v, amplitude model [41].

D. NQC derivatives from BOB

Unlike standard SEOBNRv5, which uses NR-fitted
derivatives at peak strain, seobnrv5 bob computes
the second derivative of the amplitude and the first
derivative of the frequency analytically from BOB. Their
accuracy is assessed in Fig. 7 [42]. The quality of the
NR fits and the BOB-derived quantities are measured by
relative error,
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FIG. 7. Relative error e, of the peak amplitude and frequency fits used in SEOBNRv5 (above) and the fits for the amplitude second
derivative and frequency derivative provided as fits in SEOBNRv5S or derived from BOB NQC parameters (below) versus waveform
mismatch against the SXS catalog. Each point corresponds to a waveform in the SXS catalog. The relative errors for the NQC
parameters are calculated against their corresponding SXS value at the peak strain time. We again note the overall lack of correlation
between these errors and the mismatch. The frequency derivative is predicted to within ~4% on average, while the amplitude’s second
derivative is less accurate, explaining part of the residual mismatch [42].

[YNR — Ypred|
ere1<yNR7 ypred) = P s

] (48)

where yng is the value of the quantity obtained at the
time of the peak strain directly from waveforms in the
SXS catalog and yp.q is the predicted quantity either
from the fits given in SEOBNRv5 or derived from
BOB.

The frequency derivative is reproduced to ~4%, close to
the ~1% NR-fit uncertainty, whereas the amplitude’s
second derivative shows O(1) relative error. This deficiency
stems from the assumption of a slowly varying y, amplitude.
However, even these sizeable parameter errors translate into
only mild increases in mismatch; this is evidence that BOB
captures the dominant merger-ringdown physics despite its
simplified assumptions. We note that these errors can be

decreased significantly by formulating BOB to describe the
news, rather than w4, and by more accurately calculating
the amplitude without assuming adiabaticity, as will be
shown in an upcoming paper [41]. Additionally, we note
that the single outlying case in the amplitude and frequency
fits, as seen in the bottom panels of Fig. 6 and three of the
panels in Fig. 7, corresponds to SXS:BBH:1110 (¢ =7,
71 =3x107% y, = =2 x 1077), where the SXS waveform
has particularly noisy behavior in the vicinity of merger, as
demonstrated in Fig. 8 [42].

E. Efficiency

Because NRpPy generates highly optimized C code, we
anticipate that our implementation leads to faster waveform
generation than the native pySEOBNR implementation.
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FIG. 8. Waveform strain amplitude (top) and frequency

(bottom) of the (2,2) mode for the outlying case (SXS:
BBH:1110) (¢ =7, =3 x 107, y, = =2 x 1077) [42], and
the corresponding seobnrv5 nrpy, seobnrv5 bob, and
seobnrv5 nrngc_bob waveforms assuming the same sys-
tem parameters. Note that all three models are much more
consistent with each other despite the different degrees of NR
tuning. This comparison can be particularly helpful in detecting
anomalous behavior in large waveform catalogs.

Since pySEOBNR only implements a CSE optimized
Hamiltonian, the equivalently optimized flux terms in
our implementation should significantly reduce computa-
tional time in the ODE right-hand sides. Figure 9 shows
that seobnrv5 bob is ~3 times faster than pySEOBNR
for g = [1, 3] cases, and is competitive with other state-of-
the-art waveform models. The cases shown in Fig. 9 are a
representative comparison of wall times, since we found
that changing the spin configurations did not affect the
relative performance of the waveform models. All timings
exclude input/output and postprocessing overhead.
seobnrv4

opt [43], NRHybSur3dg8 [13] and SEOBNRv5 ROM
are timed using their LALSuite’s; TEOBResumS-GIOTTO
uses its stand-alone € code without postadiabatic speedups.
One-time Cython compilation costs for pySEOBNR are omit-
ted. In all cases, the wall time is computed by averaging
over the wall time of 100 waveform generations. The
computations were done using the Thorny Flat cluster at
West Virginia University equipped with the Intel® Xeon®
Gold 6138 Processor.
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""""" pyseobnr -+ TEOBResumS
— — 'seobnrvb_rom — —NRHybSur3dq8
FIG. 9. Wall times for the NRPy implementation of

seobnrv5 bob compared with leading time-domain genera-
tors. Times are measured at a 10 Hz start frequency for ¢ =
{1,3, 10} and aligned spins (yi,y,) = (0.8,0.3).

VI. CONCLUSION

We have introduced SEBOB, a hybrid waveform frame-
work that combines an EOB inspiral with a backwards
BOB description of the merger—ringdown for aligned-spin
binary black holes. Two realizations were constructed atop
SEOBNRVSHM: (i) seobnrv5 nrngc bob, which
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retains NR-informed NQC corrections and attaches a BOB-
based merger-ringdown, and (ii) seobnrv5_ bob, which
uses BOB to supply the NQC targets themselves, reducing
reliance on phenomenological fits and enabling C?> con-
tinuity at the attachment time. Both are implemented in the
open-source NRPy ecosystem, combining a user-friendly,
transparent Python environment and a modularized, efficient
C code.

Across a large set of SXS simulations for quasicircular,
aligned-spin binaries, both realizations attain median mis-
matches (with a flat psd) of M ~2 x 10~* for the dominant
(2,2) mode (Fig. 3), demonstrating that an analytically
motivated merger-ringdown can maintain state-of-the-art
fidelity. Diagnostics identify a localized imperfection in
the curvature of the strain amplitude near its peak when
NQC corrections are informed by the current y,-based
version of BOB; by contrast, the frequency evolution is
captured to within a few percent, with typical peak |@| errors
of ~4% (Fig. 7). Catalog-wide tests indicate that the core
BOB postulates are satisfied to useful accuracy, with only
weak correlations between their measured deviations and the
overall mismatch (Fig. 6). Even with the localized amplitude
shortfall, total mismatches remain at the few-10"* level.

A key practical outcome is computational performance.
With symbolic optimization and comprehensive common-
subexpression elimination applied to both the Hamiltonian
and radiation-reaction fluxes, the NRPy-generated C imple-
mentation achieves ~3x shorter wall times than pySEOBNR
for equal and moderate mass ratios while remaining
competitive with other time-domain generators (Fig. 9).
Since we do not benchmark the time taken to output and
process waveforms, a caveat to Fig. 9 is that we do not take
into account the time taken to produce a template bank or to
perform parameter inference as part of our wall time
analysis.

A key limitation of the BOB-informed NQC corrections
is a lack of overlap between the EOB and BOB physics in
the window where the corrections are necessary. EOB uses
PN factorized waveform and fluxes, assumes circularity,
and requires late-inspiral corrections to account for highly
noncircular orbital motion and the general breakdown of
PN close to merger. Upcoming work will explore con-
structing BOB directly from the news function without the
assumption of adiabaticity, which should significantly
reduce errors in the amplitude derivatives close to the peak
[41]. Within the current paradigm of NQC corrections, this
version of BOB can mitigate the need for higher derivatives
of NR data to accurately model the amplitude corrections in
the late inspiral.

A long-term goal for the SEBOB formalism is to
eliminate the remaining direct reliance on NR fittings
entering the EOB inspiral and dynamics. EOB models
rely on extensive calibration of inspiral waveforms to NR
waveforms to enhance accuracy. In SEOBNRv5, the under-
lying waveforms already incorporate NR derived through

NQC corrections and the phenomenological merger-ring-
down (see Table I for a breakdown of precalibration NR
parameters). A key advantage of SEBOB is that it
limits precalibration NR information to four parameters
(|hlg, wo, M £, ay), significantly reducing the need for NR
to model the merger-ringdown within calibration accu-
racy. It also reduces the need for extensive calibrations
by providing a substantially accurate, physically moti-
vated map from inspiral to merger-ringdown physics.
Furthermore, self-consistently modeling noncircularities
into the EOB fluxes and inferring remnant properties
directly from the EOB inspiral (as suggested in [44]) can
potentially reduce the number of NR parameters needed
in the inspiral sector. Such improvements would signifi-
cantly limit the need for NR calibration to a narrow
window (between the EOB plunge and the BOB merger)
and fewer parameters.

The present study is limited to spin-aligned, quasicir-
cular binaries and to the (2,2) mode, and it continues to use
NR fits for remnant properties. Several targeted extensions
are natural: (i) improving the amplitude model by for-
mulating BOB in terms of the news rather than y, and
relaxing adiabaticity to sharpen NQC derivatives [41];
(i1) incorporating higher harmonics and, ultimately, generic
precessing spins; (iii) tightening the inspiral-to-remnant
mapping to further curtail NR-derived inputs; and
(iv) developing an open-source pipeline to perform targeted
calibrations to NR. By substantially shrinking the role of
phenomenological calibration in the most nonlinear phase
while retaining competitive accuracy and speed, SEBOB
offers a robust, interpretable, and extensible path toward
waveform modeling in the high-SNR era.

Scientific libraries NumPy [45] and SciPy [46] were used
for part of the accuracy analysis.
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Having established a robust analytical model for the vacuum dynamics of black hole binaries and
the resulting gravitational waveforms, the next chapter will shift focus to the astrophysical environ-
ments these binaries inhabit, specifically exploring their interactions with circumbinary accretion

disks.
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Chapter 3

Impact of black hole binaries on

accretion disks

The previous chapter discussed the modeling of the dynamics of black hole binaries due to GR and
the subsequent generation of gravitational waves. One consequence of the PN evolution equations is
that they apply to black hole binaries of any mass, from the stellar mass binaries that are detected
by LIGO/Virgo/KAGRA, to the massive black hole binaries expected to be detected by LISA, to
the supermassive black hole binaries detectable by pulsar timing arrays (PTAs). Additionally, the
dynamics of the black hole binaries were only used to derive the gravitational wave strain and no
other observable quantities.

In reality, black hole binaries of various masses occupy a diverse range of astrophysical envi-
ronments. It is, therefore, not only possible that the dynamics of the binary are affected by the
surrounding environment, but it is also possible to observe these binaries through electromagnetic
radiation emitted by this environment. This multi-messenger approach to strongly gravitating sys-
tems is important for understanding the formation and evolution of these systems [15].

For the case of massive black hole binaries (M = 10° — 107 M) that are expected to be detected
by LISA, the observable electromagnetic counterpart is expected to come from the accretion disks
surrounding the black holes. In this section, I will provide an overview of how the radiation from
the accretion disk was expected to follow the evolution of the black hole binary, based on initial
theoretical predictions by Goldreich and Tremaine [16]. T will then present results from accurate
hydrodynamic simulations that provide a contradictory description. The subsequent sections pro-

vide an alternative theoretical description of binary-disk interactions at short timescales that offers

31



resolution and shows promising predictive power.

For an accretion disk evolving under the gravitational influence of a Newtonian binary system,
Goldreich and Tremaine [16] predicted that the binary system would deposit angular momentum in
the form of torques at discrete resonant locations called Lindblad resonances. The location of these

Lindblad resonances are given by

1\ 2/3
TLR_<WL]—\’[_> a. (3.1)

where a is the semi-major axis of the binary, and m, N = 1,2,3,... label the resonances and come
from the Fourier decomposition of the gravitational potential (note that N here denotes the epicyclic
harmonic number, distinct from the principal action used in Chapter 2). The viscosity of the
disk exerts an opposing torque that clears the angular momentum deposited by the binary at the
resonances. The innermost resonant locations, however, have very strong torques leading to angular
momentum being deposited at a rate much higher than that at which viscous damping can clear. As
a result, the fluid near these resonances is cleared and a circumbinary gap is formed with a width
given by the outermost resonance that has a higher gravitational torque than viscous torque.

The balance between these two torques provides a gap maintenance timescale; that is, the
timescale over which the viscous torque is able to provide the torque necessary to balance the
gravitational torque. This timescale, tyisc, depends on the typical gap size, and as a result on the

semi-major axis of the binary as [16]

tyise ~ a*. (3.2)

If the binary begins to inspiral due to the emission of gravitational waves, the quadrupole formula

discussed in the last section gives an inspiral timescale of [4]

5,4
a 5 c’a 4

t = — = — — ~ . 3.3
W = Tda/dt] ~ 64 Gy ¢ (3:3)

Therefore, as the binary inspirals (¢ — 0), there is a critical semi-major axis, a., at which the
inspiral timescale becomes much shorter than the gap maintenance timescale. At this point, changes
in the binary semi-major axis are not reflected in the circumbinary gap and the dynamics of the disk
and binary decouple. This reasoning was provided by Milosavljevic and Phinney [4] to suggest that
once the evolution of the binary is dominated by gravitational radiation, the disk, which can radiate

light, will only reflect the merger after a viscous timescale and therefore result in an afterglow, when
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the disk moves inwards due to the lack of any gravitational torques. Therefore, while there is an
electromagnetic counterpart to massive black hole mergers, it does not contain any imprints of the
gravitational-wave-driven evolution of the binary.

As the capabilities of numerical hydrodynamic simulations evolved, Tang et al. [5] showed that
disk-binary systems initialized close to this decoupling scale do not actually decouple and instead
the disk moves inwards and interacts with the binary over much shorter timescales. The predicted
electromagnetic signals also contain periodic behaviors that relate to the binary dynamics, which

can act as a “smoking gun” for the detection of an inspiraling black hole binary system.

10? 103 104

Figure 3.1: Time averaged snapshots of the normalized surface density (top row) and effective
temperature (bottom row, in eV) of the simulated accretion disks from [5]. Each column corresponds
to different stages in the inspiral of the binary. The dark central region is the circumbinary gap and
it can be seen to shrink as the binary inspirals.

The results of [5] are in stark contrast to the predictions of Milosavljevic and Phinney [4]. The
proposed reason for this discrepancy was the assumption that while resonant disk-binary interactions

are relevant for the long-term evolution of the circumbinary disk, viscosity does not dominate the
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disk-binary interactions at the typical distance of the circumbinary gap = 2a. This motivates an
investigation of disk dynamics at much shorter timescale that is dominated by the gravitational force
of the binary on individual fluid elements in the disk.

The subsequent section provides a pedagogical derivation of the established theoretical reasoning
for the formation and maintenance of the circumbinary gap. The section makes a new proposal for
the location of the circumbinary gap based on the treatment of the disk as a collection of test particles
evolving purely under the gravitational force of the binary. Additionally, the section provides an
analysis of numerical simulations of disk-binary system to verify how the picture derived in [16] may
be inaccurate and how the proposed explanation provides a better measure of the location of the
circumbinary gap and the timescales of its maintenance.

The disk analysis is divided into two connected studies. The first establishes the analytical
framework in the simpler coplanar case, where the binary and disk angular momenta are aligned
and the gap structure can be compared directly with earlier resonant-torque predictions. The second
tests the generality of the same framework in inclined systems, where the binary potential drives
qualitatively new vertical and time-dependent disk behavior. The two studies therefore serve com-
plementary roles: the coplanar case validates the epicyclic-instability picture in the standard setting,
while the inclined case demonstrates its predictive power beyond the regime where the traditional

resonant picture is most naturally applied.

3.1 First Principles Analysis of Circumbinary Disk Dynam-
ics

All material relevant to this section is contained within the publications[17]. The text in this
publication contains a first principles derivation and summary of disk-binary interactions in the test
particle and fluid limits.

My primary contributions to the coplanar disk study were fourfold. First, I reconstructed the
standard resonant-torque picture of circumbinary gap formation and identified the assumptions re-
quired to approximately reproduce the Artymowicz and Lubow prediction. Second, I developed the
alternative test-particle framework based on epicyclic stability in the restricted three-body prob-
lem. Third, I derived and applied the azimuthal harmonic decomposition used to test whether the
disk density satisfies the assumptions of the resonant-torque model. Fourth, I analyzed the simula-

tion data and compared the numerical gap locations with both the resonant-torque and epicyclic-
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instability predictions. These contributions produced the main interpretive claim of the study: the
observed gap location is better explained by short-timescale orbital instability than by long-timescale

resonant torque balance.
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Abstract

We present an analytical and numerical study of a system composed of a stellar binary pair and a massless, locally
isothermal viscous accretion disk that is coplanar to the binary orbital plane. Analytically, we study the effect of the
binary’s gravitational potential over short timescales through the stability of epicyclic orbits, and over long
timescales by revisiting the concept of resonant torques. Numerically, we perform two-dimensional Newtonian
simulations of the disk-binary system over a range of binary mass ratios. We find that the results of our simulations
are consistent with those of previous numerical studies. We additionally show, by comparison of the analytical and
numerical results, that the circumbinary gap is maintained on the orbital timescale through the driving of epicyclic
instabilities, and does not depend on resonant torquing, contrary to the standard lore. While our results are
applicable to any disk-binary system, we highlight the importance of this result in the search for electromagnetic
and gravitational-wave signatures from supermassive black hole binaries.

Unified Astronomy Thesaurus concepts: Astrophysical fluid dynamics (101); Accretion (14); Circumstellar disks
(235); Orbital theory (1182); Orbital resonances (1181); Computational methods (1965); Astrophysical black

holes (98)

1. Introduction

The dynamics of gaseous accretion disks under the
gravitational influence of binary point masses is a relevant
topic in multiple astrophysical contexts, including protoplane-
tary disks around binary star systems and accretion disks
surrounding supermassive black hole binaries. For an equal
mass system (i. e. where the masses of the two stars in the
binary system are equal), the binary clears a central low-density
cavity out to roughly twice the binary’s orbital separation
(Milosavljevi¢ & Phinney 2005). In the case of supermassive
black hole binaries, the traditional picture holds that the binary
and the cavity coevolve until the gravitational-wave timescale
for the binary drops below the viscous timescale of the inner
disk edge, at which point the binary and the disk decouple from
each other. This picture is largely motivated by analytical
studies (Goldreich & Tremaine 1980; Artymowicz &
Lubow 1994), which suggested that the circumbinary gap is
opened and maintained by the balancing of dynamical torques
from the binary (which deposit angular momentum at discrete
locations known as Lindblad resonances) and viscous torques
that dissipate the angular momentum through spiral density
waves. However, full numerical simulations of circumbinary
accretion disks (D’Orazio et al. 2013; Farris et al. 2015; Tang
et al. 2018; Tiede et al. 2022; Krauth et al. 2023) have not been
consistent with this analytical picture due to the lack of a
demonstrable decoupling phase. In addition, in a companion
study, we find that the disagreement is more pronounced for
disk-binary systems with relative inclinations when we
compare an extension of the analytical results presented here
with numerical simulations (M. Pirog et al. 2024, in
preparation, hereafter Paper II).

Original content from this work may be used under the terms

5Y of the Creative Commons Attribution 4.0 licence. Any further
distribution of this work must maintain attribution to the author(s) and the title
of the work, journal citation and DOL.

Therefore, we revisit the predictions for the circumbinary
gap size as presented in Artymowicz & Lubow (1994). We
recapitulate the background physics of the system considered in
Artymowicz & Lubow (1994) and provide a prescription for
reproducing their results. Additionally, in order to reconcile the
observed inconsistencies, we suggest a new picture of gap
opening that is not contingent on resonant torquing and occurs
over timescales comparable to the binary period, namely, the
propagation of dynamical instabilities due to the asymmetric
nature of the gravitational potential. We show that this new
approach successfully predicts the observed trend in the gap
sizes with varying mass ratio as studied in this paper, and lends
itself naturally to the case of the inclined disk-binary system,
which we study in Paper II.

While analytical methods allow for an understanding of the
effect of the binary potential on the disk dynamics with
minimal inclusion of disk viscosity, numerical studies allow for
a full hydrodynamic study of the same system. Previous
numerical studies of circumbinary disks were done in
Artymowicz & Lubow (1996) using smooth particle hydro-
dynamics and in Giinther & Kley (2002) using a grid-based
hydrodynamical model with viscosity. In our approach, we
build on the setup introduced in MacFadyen & Milosavljevi¢
(2008), where the authors focused on an equal mass binary, and
D’Orazio et al. (2013), where the authors considered a varying
binary mass ratio and its effect on the accretion process. To
conduct our numerical investigations, we use the DISCO code
originally described in Duffell (2016), which has been
successfully used to solve more advanced problems in
circumbinary disk dynamics such as the gap-opening criteria
(Duffell & MacFadyen 2013), gas dynamics inside the central
cavity (Farris et al. 2014), and disk evolution during the late
inspiral stage of a supermassive black hole binary (D’Orazio
et al. 2016; Tang et al. 2018).

Our study is divided into two papers on the basis of the two
classes of systems being studied (coplanar and inclined), with
each paper providing the requisite analytical and numerical
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investigations to characterize the system and reconcile the
results obtained from both approaches. In this paper, we present
the simple, well-studied case of a coplanar binary and
circumbinary disk, in order to establish a detailed self-
contained reference for the theoretical preliminaries and
numerical setup used in this two-part study and future studies.
In Paper II, we study the case of inclined disk-binary systems,
where we note that the results of the numerical simulations
further validate the new analytical approach to understanding
the clearing of a central gap.

In this paper, the next section contains the theoretical
preliminaries required to motivate the numerical simulations
(Section 2.1) and analytical computations (Section 2.2).
Section 3 briefly describes the numerical code (we leave
readers to consult Duffell 2016 for further details) and our
specific setup, as well as the results from our numerical
simulations, focusing on the density and angular velocity
distributions of the disk. Section 4 presents an analytical
investigation of disk dynamics by studying the stability of
perturbed orbits in the binary potential and reexamining the
resonant torque picture. We introduce two separate definitions
for the size of the gap truncated by the binary due to these two
descriptions, and present the results of the corresponding gap
size computations and a comparison with the numerical results.
We summarize and discuss our results in Section 5.

2. Preliminaries

We assume throughout this work that the self-gravity of the
disk is negligible, and there is no backreaction on the evolution
of the binary due to the disk. The binary itself is composed of
two point masses, the more massive one referred to as the
primary and the less massive one as the secondary, and these
point masses execute fixed circular Keplerian orbits. The disk,
on the other hand, is treated either as a collection of massless
test particles for the purpose of analytical calculations, or as a
viscous, non-self-gravitating, locally isothermal fluid for the
purpose of numerical simulations. This description of the
binary is valid in the regime where the binary separation is
large relative to the gravitational radii of the two masses, so that
the binary does not evolve over the course of the simulation.
Even if the binary executes a slow, adiabatic inspiral through
the emission of gravitational waves, the orbital separation only
changes over a timescale much larger than the orbital period or
the viscous timescale, so for our purpose it can be treated as a
constant. These two physical treatments approach the dynamics
of the disk over different timescales; the analytical treatment
addresses the dynamics over timescales comparable to the
binary orbital period, whereas the numerical treatment
addresses the large-scale structure and long-term evolution of
the disk, which requires a full hydrodynamic treatment. The
large orbital separations also justify the use of Newtonian
physics for the evolution of the overall system.

The binary components are point masses moving in circular,
Keplerian orbits in the center-of-mass frame, with the disk
moving in the combined Newtonian gravitational potential of
both masses. We will see analytically that, for gas orbiting far
enough from the binary, the combined binary potential can be
expressed as small, periodic perturbations about the potential of
a single point mass whose mass equals the total binary mass,
and which is at the location of the binary center of mass. The
disk is assumed to be geometrically thin and not self-
gravitating, justifying a Keplerian rotation law about the center
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of mass with no additional contribution to the potential due to
the density distribution of the gas. Numerically, this rotation
law will serve, modulo small corrections, as a leading term in
the disk’s initial angular velocity distribution. The disk is
viscous, with the viscosity following an a-prescription. We
work in geometrized units throughout, where the universal
gravitational constant, G, and the speed of light, c, satisfy
G =c=1; we also set the total mass of the binary system, M,
and the orbital separation of the binary, a, to unity. In the
following subsections, we provide further details of the disk
and binary dynamics.

2.1. Hydrodynamics in the Binary Potential

We work in standard two-dimensional polar coordinates (,
¢), and we wuse the open-source numerical code
DISCO (Duffell 2016) to numerically solve the Riemann
problem for the four primitive variables: surface mass density
o(x, t), surface pressure p(x, f), and radial and azimuthal
components of the velocity v(x, )= (v'(x, ?), v, 1). We
suppress the functional dependence on (x, 7), hereafter and refer
to Duffell (2016) for a detailed description of the numerical
methods. The Newtonian hydrodynamic field equations can be
formulated in the standard “primitive” form typically found in
textbooks, or in the “conservative” form typically employed
when finding numerical solutions. We employ the latter, and
will briefly review the basic equations here. The continuity
equation and Euler equation read as (Frank et al. 2002)

0,0 +V - (ov) =0, (D
6,v+v~Vv=le—V<I>+L. 2)
g

® is the total gravitational potential due to both test masses,

Gm1 sz

P(x) =
lx — xi

, (3)
lx — x|
where m; and m;, are the masses of the binary components, and
x1 and x, are their positions on fixed circular orbits. f,, describes
the force due to viscosity v,

f, =V -vVy + V(%VV . v). )

The system of coordinates (, ¢) lies in the plane of the disk and
is centered on the binary’s center of mass. We complete this
system of equations using the « prescription for viscosity
(Shakura & Sunyaev 1973),

v(r) = as’r3/? 5)
and a locally isothermal equation of state,

p = s%o,

s(r)=x/r, (6)

where s is the speed of sound and y = h/r is the constant scale
height-to-radius ratio. While this study primarily sets the free
parameter of aw=0.01, we ran simulations with a € {0.001,
0.003, 0.01, 0.03, 0.1}, in order to assess the generality of our
outcomes. We set the free parameter y =0.1 in all of our
simulations.
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2.2. Test Particles in the Binary Potential

In our units where G =M =a = 1, the only remaining free
parameter is the mass ratio of the point masses, which we
choose to express as the secondary mass ratio pu=m,/M,
where m, is the mass of the secondary. In the center-of-mass
frame, the locus of the primary, x, and the secondary, x,, are
given in two-dimensional Cartesian coordinates by

x(t) = p(cost, sint),
x3(t) = (u — 1)(cost, sint). 7

We note that the binary orbital frequency 2, = \/Gajﬁl has a
magnitude of unity due to our choice of normalization, so that
the orbital frequency of the binary is simply ¢ in these units.
The corresponding Newtonian gravitational potential, &,
experienced by a test particle located at x is given by

P el (Y S 8)
lx — x| |x — xo]

With some algebra, we can write the potential in two-
dimensional polar coordinates (r, ¢). In this form, one can
exploit the generating function of Legendre polynomials as in
Poisson & Will (2014) to obtain the multipolar decomposition

b — ,i Qur=t=Dpi(cos(¢p — 1)), ©)

=0

where Q; = (—p)'(1 — p) + (1 — p)! is the dimensionless
multipole moment and P, is the Legendre polynomial of order /.
We separate the monopole (/ = 0) term, which we will refer to
as @\ and is given by

Opm(r) = f%. (10)

®, is static and spherically symmetric, and can be considered
the background potential. We then bundle all other multipole
terms into a single perturbing potential ®p, to indicate that the
effect of all higher multipoles will enter the subsequent
perturbation theory treatment at the same order. We also note
that all higher multipoles manifest as harmonics of the variable
(¢ —1), and it is therefore convenient to reexpress ®p as a
Fourier series of the form

Bp =3 QD Pycos(é — 1)

=2

i P,y cos (m(¢ — 1)). (11
m=2

We begin our summation from / =2, since the dipole moment
Q) = 0. The expression for the Fourier coefficients, ®,,, can be
found in Equation (16) of Miranda & Lai (2015) for the general
case of an inclined, eccentric binary source. For the purposes of
this paper, we set the inclination and eccentricity to zero.
Subsequent papers will tackle the modifications to the physics
introduced by these additional parameters both in the analytics
and the numerics.
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The Hamiltonian, H, for a test particle evolving under these
potentials takes the form

2
- 1 P,
Hz—{ﬁ4~i)+@M+@m (12)
2 r?
where p, and p, are the canonical momenta corresponding to
the position variables R and ¢, respectively. We then perform a
canonical transformation to a frame of reference still centered
on the center of mass, but now corotating with the binary. The
transformed coordinates are related to the original coordinates
as

r—r, ¢—>p=¢—t (13)
To obtain the corresponding transformation for the momenta,
we invoke a generating function of the second kind

k= p, + (¢ — I)P¢,

OF, OF;
r.o)=|=—=. 2| (14)
We can see that the transformed momenta are identical since
15)2)
= ——— N 15
Pr =" =0 (15)
oF,
Py = % = Dy- (16)
Finally, the new Hamiltonian is given by
- F
H=—F+ 2 a7
or

Thus, the final Hamiltonian, after plugging in the value of the
potentials in this frame, is given by

r m=2

2
1 D, 1 ad
H = _[Pr2 + r;] —p,——— Z D, cos(my).  (18)

Before we solve the corresponding Hamilton’s equations
perturbatively, we state the full equations of motion of this
Hamiltonian system as

F=p, (19)
. P,
Q= —i -1, (20)
.
2
P
p, = — — Lz — @/, cos(ma), 2n
r r
p, = m®, sin(mep). (22)

For brevity, we use the notation x to denote the time derivative
of x, ®/, to denote the derivative of the potential mode ®,, with
respect to the radial position r. Unless stated otherwise, there is
an implied summation over the Fourier mode label m wherever
®,, appears We assume a Keplerian rotation profile instead of
including the axisymmetric components of the higher multi-
poles because they represent negligible O(r~!) corrections to
the Keplerian rotation profile and as a result, to the locations of
the resonances and other results. It should be noted that while
the corrections become non-negligible at radii closer to the
binary separation, the perturbation theory treatment breaks
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down in those regions and the dynamics are no longer linear.
The perturbation theory treatment follows from the derivation
of Lindblad resonances in Binney & Tremaine (2008).

We consider perturbations about a circular orbit at r = r, the
background solution for which is given by

r =Ty,

p,=0,

® =Py = Wi,

p,=1lo= ro,

w= %—1. (23)
o

The variable w represents the angular frequency of the circular
orbit at ry in the corotating frame. The reason for choosing
circular orbits is due to the fact that previous numerical studies
to find stable test particle orbits under the binary potential have
returned either circular or near-circular orbits with a maximum
eccentricity, e, of (O(107!) (see Table 1 in Rudak &
Paczynski 1981 and Table 4 of Pichardo et al. 2005). Such
small eccentricities can be attributed to the apparent eccen-
tricity introduced by the perturbative effects of the potential ®p.

We now expand on this circular orbit by introducing new
variables, given in terms of the canonical coordinates as (r, p,,
©, py) — (ro, 0, wt, lo) + (r1, p1, 1, [1). The subscript “1”
indicates that these variables are first-order perturbations to the
background results, the same order at which the perturbing
potential enters the equations of motion. After plugging the
new variables into Equation (19) and canceling the background
terms, we combine the radial position and momentum
equations into one second-order differential equation. As we
will see in Section 4, the only place where ¢ is needed is in
building the stability matrix. However, ¢ only enters inside the
cosines of ®p, which are already first-order perturbations. Thus,
we can simplify ¢ = ¢, and ignore the evolution of ;. The
equations of motion then reduce to

i = m®,, sin(mwt), (24)
20+ w) Py

w ro

i+ (1 + w?n = (—‘I)'m )cos(mwt). (25)

We solve for the angular momentum, /;, by integrating the first
equation to give

L= —% cos(muwt). (26)
w

The equation of motion for r; resembles a driven harmonic
oscillator and has the standard solution

_ cos(mwt) o 2(1 + w) O
(1 + w)? — m*w?|

). 27
w 140

We have thus obtained an analytical solution for the radial and
angular momentum evolution in the epicyclic approximation.
Since r; oscillates at the same period as the circular orbit, it is
called an epicycle. An important result is the amplitude of the
epicycles

1 2(1 + w) &,
A ro) = @lm i —— T
(o) [(1 + w)? — m2w?| w ro

(28)
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given as a function of the background radius ry. We note
immediately that we have Lindblad resonances whenever the
denominator (1 + w)>~m*w* vanishes and the amplitude
diverges as a result. While these resonances are located at
discrete radii, the breakdown of the epicyclic approximation
happens over a wider region surrounding these resonances. We
shall study the nature of this breakdown and its implications for

orbital stability in further sections.

3. Numerical Calculations
3.1. Numerical Setup and Data Analysis

The numerical code DISCO (Duffell 2016) is used here as a
moving mesh, two-dimensional Harten-Lax-van Leer contact
solver (Toro 2013) for Newtonian hydrodynamic field
equations. Our numerical domain is a flat ring-shaped surface
that is centered on the center of mass of the binary and spans in
the radial direction from a to 100a. The central circle-shaped
region of radius a where the binary is located is excluded from
the computational domain. The numerical grid is composed of
480 concentric radial rings of varying widths. The width of the
nth ring is calculated as the difference between two neighbor-
ing nodes Ar, =r, — r,, where

r, = 1 4+ Asinh(BC), 29)
where

5 n—1

, B=——, C=sinh"1(99/A). 30
sinh(1) 480 ©9/4) (30)

The size of the innermost ring is Ar; ~0.034, and the
outermost ring is Argo ~ 0.790. Each radial ring is composed
of a different number of azimuthal zones, which are refined or
de-refined as needed to keep the aspect ratio rA¢/Ar close to
unity. According to Dong et al. (2011) and Duffell &
MacFadyen (2012), this choice allows the density waves
excited by the binary potential to be well resolved over their
wavelength ~0.27r. The time step A is set to be half of the
shortest propagation time across any cell in the grid, i.e., the
width of the cell divided by the local sound speed. The mesh
rotates according to (grig = r3/? to minimize diffusive
advection errors.

For simplicity, we express all timescales in terms of the
binary revolution period P. We add that, in our units, P = 2.
To present the data as a simple function of the distance from
the rotation axis, we use two different kinds of averaging. For
any quantity &(r, ¢, ) we introduce the following notation:

_ 1 27
wwfgﬁsm¢mm 31)

n 1 t+A
an@=K[ £(r, 6, 1) dt, (32)

and finally

1 +A 2
@ngﬁf L £(r, ¢, 1) do dt. (33)

In our simulations we use A = 50P. We dump grid data every
6° of the binary revolution, so the time averages over the
interval A are calculated from 3000 instantaneous snapshots of
the grid values.
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3.2. Initial Data and Boundary Conditions

We start the simulations with the initial density

3 2
o(r,t=0)= UO(E) exp [—(5) ], (34)
r r

where o, is an arbitrary normalization constant, and ry is a
constant that sets the radial scale of 0. The function arguments
(r, t=0) are implied throughout the rest of this section. We set
ro =10, so that the maximum initial value of o occurs at
r=1042/3 =~ 8.16. The initial pressure is calculated from
the density using the equation of state, Equation (6). The initial
velocity distribution is given by MacFadyen & Milosavljevi¢
(2008) as

&
y=©" %) = 2 9 r30y£v— ,
rov?® Or orr
172

3 q2 P o1d
Q%(l + —“—2%) + =2 L 35
4r-(1+¢q) ro dr

where g =m;/m, is the mass ratio. We calculate v? first and
use it to calculate v", as described in MacFadyen &
Milosavljevi¢ (2008).

Boundary conditions are imposed on the primitive variables
at both the inner and the outer edges of the grid. The outer
boundary conditions for all primitive variables are fixed at the
initial data values for the two outermost rings. The same
procedure is applied to the components of the fluid velocity at
the inner boundary. The exceptions are the density and pressure
boundaries, which instead are given by

0 = Gis1(rip1/r) V2, (36)
P = Py (rig1/r) V4, (37)

where i € {1, 2} corresponds to the number of each of the two
innermost radial rings. We note that these boundary conditions
do not prevent the flow of matter into or out of the numerical
domain. However, the central excised region does not contain
any significant density throughout the entirety of the simula-
tions. We have investigated the accretion rate through the grid
boundaries and the total mass of the system as a function of
time, and confirmed that the flow of matter across the
boundaries does not impact our results.

3.3. Mass Density and Torque Distributions

We have simulated the different binary mass ratios ¢ and
viscosity parameters « given in Table 1 until all of the systems
settled into a quasi-steady state. That is, until the averaged
values (in the sense of Equation (33)) of the hydrodynamic
variables are no longer evolving secularly. Unless stated
otherwise, all figures present data for aw=0.01. Figure 1
presents the mass density in the central region of two of these
systems. In the left panel, we present the equal mass (g =1)
case, and on the right, the ¢ =1/10 case.

Figure 2 presents the azimuthally averaged surface mass
density & for g € {0, 1/100, 1/10, 1} at r=4000P. All cases
have smaller density maxima than the initial peak density due
to mass loss through the outer boundary. These cases also show
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Table 1
Summary of All Simulated Configurations
q H= mZ/M «a Iy rar Tmax r10%
1:1 0.5 0.1 400 1.818 3.333 1.655
2:3 0.4 0.1 400 1.820 3.295 1.641
37 0.3 0.1 400 1.800 3.103 1.606
1:4 0.2 0.1 400 1.713 2.952 1.473
1:10 0.(09) 0.1 400 1.561 2.766 1.322
1:100 0.(0099) 0.1 400 1.139 4.059 1.133
1:1 0.5 0.03 1250 1.975 3.893 2.012
2:3 0.4 0.03 1250 1.970 3.893 1.999
3.7 0.3 0.03 1250 1.948 3.934 1.946
1:4 0.2 0.03 1250 1.898 3.609 1.830
1:10 0.(09) 0.03 1250 1.725 3.256 1.571
1:100 0.(0099) 0.03 1250 1.251 4.101 1.232
1:1 0.5 0.01 4000 2.079 4.757 2.307
2:3 0.4 0.01 4000 2.074 4711 2.296
3.7 0.3 0.01 4000 2.052 4.532 2.242
1:4 0.2 0.01 4000 1.993 4.228 2.146
1:10 0.(09) 0.01 4000 1.862 3.411 1.828
1:100 0.(0099) 0.01 4000 1.402 3.103 1.285
0 0 0.01 4.357 1.207
1:1 0.5 0.003 9000 2.148 5.033 2.603
2:3 0.4 0.003 9000 2.151 4.987 2.557
3.7 0.3 0.003 9000 2.127 4.757 2.470
1:4 0.2 0.003 9000 2.074 4.532 2.388
1:10 0.(09) 0.003 9000 1.957 3.811 2.075
1:100 0.(0099) 0.003 9000 1.518 2.620 1.388
1:1 0.5 0.001 24,000 2.190 5.176 2.800
2:3 0.4 0.001 24,000 2.201 5.128 2.798
37 0.3 0.001 24,000 2.206 4.940 2.726
1:4 0.2 0.001 24,000 2.129 4.757 2.636
1:10 0.(09) 0.001 24,000 2.040 4.143 2.297

1:100 0.(0099) 0.001 24,000 1.600 2915 1.508

Note. Columns label the mass ratio ¢, secondary mass ratio y, viscosity «, time
at which we report results (i.e., after the system reaches a quasi-steady state) z,.,
radius where the torque densities balance rqr, radius of the maximum density
Fmax» and radius where the density inside the cavity falls to 10% of the final
density maximum 7;qq.

varying degrees of periodic structure related to the binary’s
periodic gravitational potential, which is obviously not present
in the single mass (¢ = 0) case. Figure 3 presents the averaged
mass density (o), calculated using A =50P, as a function of
radius for ¢ € {0, 1/100, 1/10, 1/4,3/7,2/3, 1}, i.e., for all of
the cases we simulated and summarized in Table 1. We
emphasize that the central part of the system, which is most
affected by the periodic binary potential, stabilizes between
3000P and 4000P for all cases. Our conclusions about the
governing dynamics and our description of the final gap size
are based on simulations as long as 12000P, to ensure that the
observed quasi-steady state is maintained. The location of the
density maximum moves inward as the mass ratio decreases
from 1 to 1/100, but moves outward again for the single mass
case. However, Figure 4, which presents four different stages
of the systems’ evolution at ¢t = 1000P, t = 2000P, t = 3000P,
and t=4000P, shows that the secular trend of an inward
migration of the gap continues all the way from the equal mass
case through the single mass case.
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0.357 0.271 0.186 0.100

Figure 1. Surface mass density o/og at t = 4000P for g = 1 (left) and g = 1/10 case (right). The pictures show the region —15r/a < (x, y) < 15r/a.

0.45

T T
initial —— -

r/a

Figure 2. Azimuthally averaged surface mass density, at t = 4000P for g € {0,
1/100, 1/10, 1} together with the initial density for comparison.

Following MacFadyen & Milosavljevi¢ (2008) and D’Orazio
et al. (2013), we calculate the dynamical torque density

ﬂ = —2mur a@ , (38)
dr do
the integrated dynamical torque
n=[" D, (39)
a dr
the viscous torque
¢
T, = 2mriy <O’£v—>, (40)
rr

and the viscous torque density %.

Figure 5 shows the final density profile overall in
comparison to the initial data for all of the simulated cases
(left panel), as well as a zoom-in on the innermost part of the
system (right panel) where all of the potential definitions for the
location of a gap occur. Figure 5 specifically illustrates
rqr—the radius where the viscous torque density equals the
dynamical torque density. This concept is further highlighted in
Figure 6, which shows both types of torque (viscous and
dynamical) and their densities as a function of radius. Vertical
dashed lines are placed at the radii where the two different
types of torque (densities) intersect.

In Table 1, in addition to the mass ratio g and the secondary
mass ratio y, we have listed the following system character-
istics for all of our simulated cases: the radial location of the
maximum density, 7., and the maximum density value
p(rmax); the radius where the torque densities balance, ryr, and
corresponding torque density value, p(rq7); and rgq, the radius
where the density inside the cavity falls to 10% of the final
density maximum. This last quantity is introduced as an
additional intuitive way to define a gap. The specific choice of
10% is essentially arbitrary. We note that rigq is found by
interpolation, and is not therefore restricted to occur at a cell
boundary. To show their general dependence on the mass ratio,
all of these radii are plotted in the left panel of Figure 7. The
right panel of Figure 7 shows the stability of the r4r with time;
its value is established very early, by the time ¢ reaches 1000P
—2000P, while the other referenced radii (especially rp,.c) are
still actively evolving toward their quasi-steady states.

3.4. Azimuthal Mode Analysis

An important aim of this study is to better understand the
nature of angular momentum transport in circumbinary disks as
a way to interpret astrophysical disk observations and what
they can tell us about the underlying dynamics. A frequent
primary assumption in previous analytic studies of these disks
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Figure 3. Averaged surface mass density initially and at four different times ¢ € {1000P, 2000P, 3000P, 4000P}, with each panel considering one of the mass ratios

summarized in Table 1.

has been the perturbative treatment of azimuthal symmetry
breaking due to the binary potential. In order to provide a
measure of accuracy for such a perturbative treatment, and to
better assess the importance of the resonant transfer of angular
momentum, we compute the corresponding azimuthal break-
down of the density that indicates the presence or absence of a
perturbative effect. In these calculations, the density is
decomposed into azimuthal harmonics in an identical fashion
to the gravitational potential in Equation (11). This decom-
position is given by

27 27
D= [ do [ a@unpeime o, @1)
272 Jo 0
where (), is the binary’s orbital angular frequency.
In Figure 8, we present the decomposition of the density
distribution into azimuthal harmonic modes for all of our

simulated cases. In the perturbative picture presented in
previous studies (Goldreich & Tremaine 1980; Artymowicz
& Lubow 1994), these modes are driven by the corresponding
harmonic mode of the gravitational potential. Since each
harmonic mode represents a contribution from a higher
multipole moment, we expect the strength of the driving force
to weaken with higher mode number m, and for odd harmonic
modes to weaken as we approach the equal mass due to the
absence of odd-m potential modes in that case, especially the
case of equal mass where we expect the m = 1 mode to vanish.
However, as illustrated in Figure 8, we do not see an
unambiguous decay with increasing mode number beyond
m =1 at any length scale across the next three m modes, with
the possible exception of the g = 1/10 and 1/100 cases at large
radii. We also note the dominance of the m =1 mode
everywhere except the ¢=1/100 case at small radii,
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Figure 4. Averaged surface mass density for all of the mass ratios summarized in Table 1, with each panel considering one of the evolution times ¢ € { 1000P, 2000P,

3000P, 4000P}. The initial density is also shown in each panel for reference.

particularly its dominance for the equal mass case, where the
contribution from any odd-m mode of the gravitational
potential vanishes. In the case of a linear coupling of the
density modes, which is attributed to a resonant gap clearing,
we would ideally see the m =1 mode diminish significantly
toward equal mass and dominance of the m =2 mode.
Additionally, the amplitude of each mode would drop as
higher power laws beyond the inner region. The lack of these
features suggests a departure from a linear coupling of the
potential and density modes in the dynamics. This absence
strongly suggests the dynamical irrelevance of resonant
torquing in this scenario. In our orbital stability picture of
gap opening, we sum over multiple modes of the gravitational
potential and do not assert that any particular harmonic mode is
responsible for the opening of the gap as is the case in resonant
torquing. We will discuss the consequences of this and make
suggestions for a better analytic treatment of circumbinary disk
dynamics in the next section.

4. Analytical Calculations
4.1. Orbital Stability

In order to reconcile the results from the hydrodynamics
simulations with analytic theory, and thereby obtain a coherent
understanding of circumbinary disk behavior, it is important to
look at the stability of the approximate solutions derived in
Section 2.2. We note that in order to translate from the
hydrodynamic picture to the test particle picture, the disk is
considered to be a collection of fluid elements which each
occupy an infinitesimal area centered about a hypothetical test

particle. Then, the orbit of the test particle acts as an
approximation for the motion of this fluid element in the
absence of viscosity. In that case, the exponential blow-up of
small perturbations about the test particle’s orbit, especially
over timescales comparable to or shorter than the binary orbital
period, provides an important insight into the effect of the
binary potential on the stability of the fluid elements
themselves. In other words, instability in the test particle
picture suggests that the corresponding fluid elements in the
hydrodynamic picture will either be expelled to larger radii or
accreted by the binary.

The physical quantity relevant to orbital stability is the
Lyapunov exponent. For a Hamiltonian system with phase
space variables = (r, ¢, p,, py), the equation of motion is
given in the symplectic form as (see, e.g., Equation (8.39) of
Goldstein et al. 2002)

. - OH
7, = li—, 42)
877]-
where
0O 0 10
0 0 01
I -1 0 00 43)
0 —-100

maps the derivatives of the Hamiltonian to the appropriate time
derivative with the appropriate sign. Let us assume there exists
a particular solution, 7', to the above equations of motion.
Since a particular solution can be entirely specified by a choice
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Figure 5. Averaged surface mass density at = 4000P for all cases in Table 1, along with the initial density. The right panel is a zoom-in of the region inside the
dashed box in the left panel. The right panel also shows ryr and p(rqr) as we have defined them in the text.

of initial conditions, the stability of that solution can be defined
as the extent to which a new solution, 7", with approximately
similar initial conditions, departs from the original solution. To
quantify this, let us assume that nV=n® + én. Here, &n
represents the difference between the two solutions with én
(t=0) being infinitesimally small. We can then linearize the
above equations of motion to get

2
o =1, o

=[i—— on,. (44)
Janjank O ‘

Thus, the departure of the new solution due to a small initial
perturbation 67(0) is given by the matrix equation

1) = Kén, (45)
2:
Ky = oot | (46)
om,, 8771‘ O

The above system of differential equations has a general
solution given by a superposition of the eigenvectors of K
which evolve exponentially at a rate given by the corresp-
onding eigenvalues, A, which are known as the Lyapunov
exponents. Since K will in general have complex values, the
real part, Re()\), gives the timescale over which the perturba-
tions decay (if PRe(A) < 0), or blow up (if Re(\) > 0); the
imaginary part, Jm()), gives the period over which the
perturbations oscillate. We note that the eigenvectors of the
stability matrix represent the direction in phase space of the
initial perturbations associated with each of these exponents. A
particular orbit may be metastable, which indicates that one set
of perturbations tends to decay while an orthogonal set may
blow up. It is useful to study the stability of particular
“families” of orbits, as we do with the epicyclic orbits in this
study.

4.1.1. Stability Matrix for Epicyclic Orbits

Using the tools from Section 4.1, we now study the stability
of circumbinary orbits under the epicyclic approximation.
Since we will solve the equations perturbatively, we approx-
imate the stability matrix to the same order as the linearized

solution for consistency. The Hamiltonian presented in
Section 2.2 is given by

H="+—5-p

2 2
pr p@
R @0

— % + € P, (r)cos(my).
Since the potential ®,, contains terms of O(g) and higher, it
must be treated as a perturbation to the Kepler potential. To this
end, we introduce the parameter e that keeps track of the
perturbation terms. Once we have separated the perturbation
terms, we can set e =1 without loss of generality. For the
above Hamiltonian, the stability matrix, K, takes the form

K:
0 0 1 0
21 1
= 0 0 —
3 2

5 .

_% + % — €®! cos(my) P, cos(mp) 0 2—5
r r r

me ®’,, sin(mep) m?e®,, cos(mp) 0 0

(48)

We evaluate Equation (48) for the approximate orbital solution

r=rog+ €n, (49)

p=c2, (50)
w

= Jro + €b. 51D

The first-order solutions to the above expressions can be found
in Equations (26) and (27). We note again that we do not need a
first-order solution for ¢ since it enters the matrix at O(e).
Thus, we can use

Y = wt,
[1
w= [ - L (52)
o
The stability matrix can then be split as
K =Ky + €K, (53)
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Figure 6. Four different types of torques for four different mass ratios. Solid lines correspond to torques, broken lines correspond to torque densities.
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correspond to dynamical torques and green lines correspond to viscous torques. Vertical broken lines help to read the intersection radii.

where K, comes from the Keplerian background motion and
6K contains all O(¢) terms. K is given by

0O 01 0

_2_120 00 12

. o o

Ko = , (54)

1 21y

- 00 —

o )

0O 00 O

and the perturbative matrix 6K is

K=
0 0 0 0

2(113 + 3"’4") 0 0 o
o )

6(ﬂ _ @) — @/ cos(md) mP, sin(mp) 0 2(1—‘z - 31{;")
o To 7o To

m®), sin(mg) m?®,, cos(mgp) 0 0
(55)

4.1.2. Lyapunov Exponents for Epicyclic Orbits

The computation of closed-form eigenvalues for the stability
matrix given in Equation (53) at linear order is complicated by
the fact that regular matrix perturbation theory does not hold
for degenerate matrices. Since the Keplerian stability matrix,
Equation (54), has a doubly degenerate, trivial eigenvalue of
zero, it is not invertible, and therefore we cannot proceed to

solve the eigenvalue problem analytically; we therefore use the
Python package SCIPY (Virtanen et al. 2020) to numerically
compute the eigenvalues.

We compute the eigenvalues for a family of epicyclic orbits
around the background radius ry in the range ry € [1.1, 3.0], as
this covers the relevant resonances and the typical gap scale,
which we will define below. For the binary mass ratio, we
chose the range 1 € [0.01, 0.5], as this is the range probed by
the numerical studies.

We separate the real part of the Lyapunov exponents, and
search for the largest positive value at each radius. Since the
real part is the inverse timescale over which instabilities
propagate, the largest value corresponds to the shortest
timescale, which we will refer to as the Lyapunov timescale.
To define a gap size r;. based on the Lyapunov timescale 7, we
find the radius that satisfies

7(rL) = [Re AT L)Imax] ™ = P, (56)

where, A(rp) denotes the Lyapunov exponent at rp, “max”
indicates that we are choosing the Lyapunov exponent with the
largest real part, and P =1 in our units. In Figure 9, we present
the Lyapunov timescales for a range of systems. We note that
there are regions where the timescale 7 drops drastically. We
confirm that these are the locations of the Lindblad Resonances
where 7— 0 or, more importantly, A — oco. This effect only
demonstrates a complete breakdown of the epicyclic approx-
imation. However, as can be seen from the rest of the graph, the
epicyclic approximation is unstable for radii larger than the
resonances. Binney & Tremaine (2008) provide a method for
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Figure 7. Three crucial radii that characterize each configuration as a function of binary mass function u. The squares denote rgr—the radii where the dynamical

torque densities intersect viscous torque densities, the diamonds denote rgq—

the radii where the disk’s density reaches 10% of the maximal value. For those two, the

scale on the left vertical axis is applied. Finally, triangles denote r,,x—the location of the density maximums. In this case the right vertical axis is valid. Let us
underline that the values of the densities o(ryr) are different for each configuration. The details are in Table 1.

regularizing, i.e., removing the infinite behavior at the
resonances. We did not perform this regularization as it does
not affect the outcome of the gap sizes, which occur at larger
radii than the resonances. The rationale behind the choice 7= P
in Equation (56) is that, while the binary still induces
instabilities at larger radii, the Lyapunov timescale increases
with radius far faster than the orbital period. We also note that
the analysis of orbital stability has been done by perturbing on
circular orbit solutions about the total mass while studies going
back to MacFadyen & Milosavljevi¢ (2008) indicate that the
circumbinary gap is eccentric. This is because the apparent
eccentricity induced by the perturbing potential of the binary is
sufficient to explain the eccentricity in the circumbinary gap.
Additionally, any perturbative treatment of an eccentric orbit
will still yield the instabilities in the circular (O(e®)) order that
can explain the gap formation. However, a treatment of generic
orbits would benefit future studies where the eccentricity and
semimajor axis are dynamical due to the effect of accretion
from the disk (see Siwek et al. 2023).

We finally emphasize that this definition is independent of
the nature of the fluid characterization. The study of test
particles indicates that instabilities propagate over timescales
shorter than an orbit, and therefore far shorter than the
characteristic viscous timescale as believed in Goldreich &
Tremaine (1980). Therefore, if this is a viable explanation for
the formation and maintenance of a circumbinary gap, then it

should be independent of the viscous prescription as noted in
D’Orazio et al. (2013).

4.2. Resonant Torquing Picture

Prior analytical studies of circumbinary accretion disks have
arrived at a criterion for the opening of a circumbinary gap
from hydrodynamic considerations (see Artymowicz &
Lubow 1994; Miranda & Lai 2015; Goldreich & Tre-
maine 1980). Instead of studying the stability of orbits due to
the gravitational potential of the binary, those works have
explored the behavior of the primitive fluid variables that
evolve under the influence of the binary. In that case, the
equations of fluid mechanics are solved approximately using a
Wentzel-Kramers—Brillouin ~ approximation to study the

behavior of the primitive variables over timescales that are
larger than the binary timescale but still comparable to or
shorter than the viscous timescale.

While the two pictures of test particles and hydrodynamic
flows can be related by associating particle orbits with steady
streamlines of the gas, they differ in the physical mechanism
that is invoked to explain the opening and maintenance of a
circumbinary gap. In our analysis, the opening and main-
tenance of the gap is contingent on the divergence of an
infinitesimal element over short timescales due to the tidal
nature of the binary potential; in the fluid picture, the gap is
contingent on the ability of the Lindblad resonances associated
with the binary potential to transfer angular momentum
outward through the disk faster than viscous damping forces
can dissipate it. The mechanisms primarily differ over the role
of resonances in the formation of the gap and the timescales
over which the binary potential maintains the gap.

Since our proposed mechanism is different from that of the
hydrodynamics one, we must compare the resultant gap size in
both cases. Therefore, in this subsection, we will recap some of
the quantities derived in Goldreich & Tremaine (1980), proceed
to define the criterion for a resonance to be gap opening, and
compute gap sizes from this definition.

The gap-opening timescale is defined as the time it takes for
a torque at a Lindblad resonance to deposit the angular
momentum needed to open a gap in the form of an infinitesimal
ring of width Ar at a radius r. To quantify this, we first to
define the amount of angular momentum, AL, required to open
such a gap in a disk with surface density o as

AL = cQ(rAr). 57)

If Ty r is the torque delivered by a Lindblad resonance, then the
gap-opening timescale is given by
AL

Atgpen = —.

LR

(58)

Goldreich & Tremaine (1980) also give the expression for the
torque at the mth Lindblad resonance as

)1 |\Ifm|2},

D

T, = mwz[a( d
d

5
Inr (59
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Figure 8. Azimuthal modes decomposition of the density at r = 4000P for all of our simulated cases.

where ¥, is defined as

_dd,
dinr

— 2md,,, (60)

m

and D is defined in terms of the epicyclic frequency, «, and the
orbital frequency, w, as D = k> — m*(w — 1)>. For the

Keplerian background (x = w = r~3/%) considered below, T
evaluated at the Lindblad resonance is then given by
2
dD _ 3m ‘ 1)
dinr LR m+ 1

To complete this picture of gap maintenance due to Lindblad
resonances, we also need the gap-closing timescale, which is
defined as the time it will take for viscous damping forces to
close a ring-shaped gap of similarly infinitesimal radial size Ar

at a radius r,

A 2
Al‘close = ( r) P
14

(62)

where v is the coefficient of viscosity for the accretion disk. For
the a-disk prescription, again assuming a Keplerian back-
ground, one has from Equation (5)

ax?

Q-

where a and y are defined in Section 2.1.
We therefore arrive at the first gap-opening criterion for this

picture, which states that a resonance is considered gap opening

if the gap-closing timescale exceeds the gap-opening timescale.

The gap-opening resonance is the outermost Lindblad

resonance where the criterion Afgoge > Afopen is met, or

(63)
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Figure 9. The dependence of the quantity 7 defined in Equation (56) on the radius. The black line represents the binary period and 7 is normalized by the binary period
for convenience. The gap size in the orbital stability picture is defined as the location where the quantity 7 intersects with the black line.

equivalently, where the parameter (s, given by

oy = e = LT (64)

Atopen ax- r
exceeds unity, where the term 7,, refers to the torque as defined
in Equation (59), normalized by the surface density.

A second gap-opening criterion, which is used in Artymo-
wicz & Lubow (1994) and Miranda & Lai (2015), considers the
balance between the viscous and resonant torques instead of
their associated timescales. It requires that the resonant torque,
which clears the gap, be stronger than the viscous torque as
defined in Equation (40) that brings fluid in to fill the gap.
These two criteria differ by a factor of 37. We define in this
case a corresponding parameter, (t, such that

_ o (65)

3

T, 1 T,

T, 37rax27

Gr=

We note that, unlike the numerical computation of the torque in
Equation (40), we do not need azimuthal averaging, since the
background densities used to derive these expressions are
already spherically symmetric. While the parameter (r provides
a stronger check of gap opening due to the factor 37, we note
that both criteria ultimately yield the same results for the gap-
opening resonance. In order to obtain a measure of gap size, we
must refine the range of influence of the gap-opening
resonance, since the torque is not, in reality, deposited at the
discrete resonance radius, but rather it is spread over some
neighborhood surrounding the resonance. In Artymowicz &
Lubow (1994), this spread is addressed by considering the
extent to which intersecting fluid streamlines bundle around the
resonances. However, an explicit method of calculating their
Table 1 is not provided. Therefore, we take this effect into
consideration by turning, once again, to the theory of epicycles.
We define the gap size to be the outermost radius where the
amplitude of epicycles (given by Equation (28)) allows for the
orbit to intersect the resonance location. That is, we can define

the gap size at r to obey the condition

A(rr) = |rr — rgl, (66)

where r, is the location of the gap-opening resonance. Since
this equation is nonlinear, we invert it to find 71 using a simple
bisection solver since the form of the amplitude of epicycles is
strictly decreasing from the location of the resonance. In order
to better resolve the solution to the above equation, we choose
to perform the bisection search on the logarithmic version of
the same condition, that is

f(rr) = log(iA(rT) ) =0.

(67)
[r — 7

We present the results of the above gap size computation along
with results from Artymowicz & Lubow (1994) in Figure 10 to
show that they are consistent. Thus, we have recapitulated the
resonant gap-opening picture as well as a measure of the gap
size predicted by this picture. We can now provide a
comparison of these gap sizes with those predicted by the
orbital stability picture.

4.3. Comparison of Analytical and Numerical Results

Having arrived at multiple definitions of the gap size, we
note that there is a stark contrast in the physics relevant to
maintaining a circumbinary gap between the two analytical
pictures. In the test particle case, the gap is maintained by
instabilities propagated by the binary potential over timescales
comparable to the binary period, while in the resonant torque
case, the gap is maintained by viscous transport of angular
momentum deposited at resonances over the viscous timescale.
Additionally, the test particle picture would indicate that the
gap size should not depend on the viscosity parameters,
whereas the resonant torque picture would require a strong
correlation between gap sizes and viscosity parameters.

It is also evident that the two pictures predict different trends
in the variation of gap size over different mass ratios. In the test
particle case, gap sizes increase monotonically with increasing
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Figure 10. Comparison of the dependence of rr from Equation (67) and the gap sizes from Table 1 of Artymowicz & Lubow (1994) over mass ratio ;. We find that
there is an overall agreement of the trend against mass ratios except for the offset at ;2 ~ 0.5. The torque from the m = 1 resonance abruptly drops at ;o = 0.5 leading to

an immediate dominance of the m = 2 resonance.

Table 2
Summary of All Gap Size Definitions
Label Definition Defined
710% Radius where surface density is 10% of the final maximum Table 1
rar Radius where dynamical and viscous torque densities intersect Table 1
o Radius where the Lyapunov timescale is equal to the binary orbital period Equation (56)
rr Radius where the epicyclic amplitude reaches the gap-opening resonance Equation (67)

mass ratio. In contrast, in the resonant torque scenario, the gap
size initially increases, reaches a maximum, and then decreases
with increasing mass ratio, with a more abrupt decrease very
close to the equal mass case where the transition from the
m =1 to the m = 2 resonance occurs. Thus, it is crucial to look
to the numerical simulations of the disk-binary system to arrive
at a conclusion as to which physics is actually responsible for
creating and maintaining gaps in circumbinary disks.

We emphasize that we wish to compare the trends predicted
in these two pictures, rather than the exact values for the gap
size at any given mass ratio since a realistic circumbinary gap is
just a diffuse region and does not have a hard boundary. We
therefore normalize the results for the several radii that we have
defined throughout this work, to clearly identify the trends they
make when we overlay them graphically. To that end, we
define the quantities 7 such that,

(68)

_ L
Fx = —|u=05"xs

rx
where the subscript X denotes the subscript of the relevant
radius from the numerical or analytical computations, e.g., 1o
as defined in Section 3. The vertical line denotes that the values
are taken at the mass ratio p=0.5, so that the gap size as
defined by the instability timescale and the numerical/
analytical measure of gap size are normalized to agree for
equal masses. Finally, we recap the multiple definitions of the

gap size in Table 2.

We plot the results of this comparison in Figure 11, which is
the central result of this work. In each plot, the black solid line

refers to the gap size determined by the Lyapunov timescale
while the red dashed line corresponds to the gap size as
determined by the matching of the Lindblad and viscous
torques. The black and red points refer to the numerical results
for r,9¢, and rgt. In all cases, the lines are rescaled to match the
result for r1g¢ at equal mass. We note the clear agreement in
the trend of the numerical results with the gap size as predicted
by the Lyapunov timescale, indicating that the physics
responsible for the gap truncation and maintenance is the
instabilities that are rapidly propagated at sub-binary
timescales.

The disagreement between the resonant torque picture and
the numerical results in Figure 11 reinforces the disagreement
we saw in the azimuthal variation of the density distributions in
Section 3.4. In the analytical picture, we expect that each
successive multipolar contribution from the binary potential
should affect the disk dynamics ever more weakly, due to the
ever larger inverse power-law drop-offs of those higher-order
contributions. Additionally, as we approach the equal mass
case, there is a symmetry that ensures that odd multipole
moments have zero contribution to the potential, and therefore
there should be no density perturbations excited at those
harmonics in the resonant torque scenario.

However, the numerical results show a stark contrast from
this description. The magnitudes of azimuthal modes for all
harmonics are within 2 orders of magnitude of each other, with
odd harmonics never being suppressed to any degree as we
approach the equal mass case. We note especially in the equal
mass case that the m = 1 azimuthal perturbations dominate by
almost an order of magnitude over the m = 2 mode that should
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Figure 11. Comparison of numerical results of r1oq, and rqr in Table 1, and r;_ and rr computed in Equations (56) and (67). We notice that the trends for the numerical
radii agree better with the gap size as defined by the instability timescale as opposed to the resonant torque balance criteria for the simulated range of c.

be the leading order multipole moment in the analytic theory.
Additionally, we note that the strength of the higher azimuthal
modes does not decay, which indicates strongly that the
different azimuthal modes are being propagated nonlinearly.

These results, and the ability of test particle orbit instabilities
to explain the numerically observed behavior of the circum-
binary gap, lead us to the conclusion that angular momentum
transport in circumbinary disks is not well explained by a
competition of dynamical and viscous torques. Specifically, the
location of the circumbinary gap does not correlate with the
viscosity of the disk. Additionally, we do not observe a drop-
off in the circumbinary gap size as we approach equal mass
ratios. Azimuthal variations in the density profile are also not
modulated in any way by the multipole moments that excite
them in the perturbative picture, be it the radial drop-off in
individual cases or the weakening of odd multipole moments as
we approach the symmetrical equal mass case.

5. Conclusions

We have provided a comprehensive study of the effect of a
binary on a surrounding circumbinary disk through both
analytical theory as well as through two-dimensional, New-
tonian, viscous hydrodynamic simulations. In this work, the
first of two parts, we limit ourselves to the case of a coplanar
disk and binary system. In doing so, we have been able to

consider multiple configurations of the only free parame-
ter: the mass ratio of the binary. In both analytical and
numerical computations, we have modeled the binary as a pair
of point masses with a corresponding Newtonian gravitational
potential. We have modeled the disk as a non-self-gravitating,
locally isothermal fluid with an alpha-type viscosity. Lastly, in
both the analytical and numerical studies, we have limited the
domain of interest to the exterior of the binary’s orbit by
excising the inner low-density region from the numerical
domain, and by choosing a harmonic decomposition of the
potential in the regime of space outside the semimajor axis of
the binary, and the behavior of test particle orbits under the
static background of the combined potential for our analytical
computations.

We have numerically investigated the behavior of the two-
dimensional density distribution of the viscous and locally
isothermal fluid under the influence of the binary gravitational
potential. The computations initialized and evolved four
primitive variables: the surface mass density, the surface
pressure, and the radial and azimuthal components of the
velocity. The knowledge of these variables provides sufficient
information for us to calculate other astrophysically relevant
characteristics of the disk in post-process.

Since we are focused on the density profiles, the most
intuitive and natural way to present our output is to plot the
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azimuthal- and time-averaged density as a function of radius.
Together with certain examples of the full two-dimensional
distributions, we can draw broad conclusions about the
behavior of matter in the disk. To fully characterize the disk,
we also studied other significant characteristics, including the
locations of the density maxima and their values, the radii
where the viscous and dynamical torque densities are equal,
and their value at that point, and the radii where the density in
the central cavity drops to 10% of its instantaneous peak value.

In the analytical computations, we reviewed the theory of
approximate orbits in the binary potential, including what the
Lindblad resonances are and how they have been used, in
combination with linearized fluid mechanics, to explain the
formation of a circumbinary gap. We have additionally
introduced a measure of the Lyapunov timescale for an
analytically tractable set of approximate orbits and, in doing
so, we have defined a new measure of the gap size. This new
measure reflects the rapidity with which instabilities in the
linear regime propagate. We find that the new gap sizes agree
better with the trends observed in the full numerical
simulations. This supports the conclusion that the circumbinary
gap is maintained by the effect of the binary potential on the
disk over timescales much shorter than previously suggested.
Additionally, we conclude that the viscosity plays a minimal
role in the formation of the gap, as the gap sizes are determined
solely by the characteristics of the binary. Once again, this
suggests a different picture than the case of resonant torque
dampening since that effect would depend on the magnitude of
the viscous torque density.

We add that this conclusion reflects the a-disk viscosity
profile and the values of o that we have studied. Studies have
shown that the morphology of the inner regions of the
circumbinary disks is still affected by changing the nature of
the viscosity (D’Orazio et al. 2013; Dittmann & Ryan 2022;
Dittmann et al. 2023). Particularly, D’Orazio et al. (2013)
introduce an effective viscosity force to the test particle
dynamics when studying the stability of test particle orbits. In
such a case, the stability of the Lagrange points L4 and L5
(stationary solutions to Equation (19)) indicate a strong
dependence of the timescale on the viscous force at mass
ratios g < 0.04. Extending the orbital stability regime devel-
oped here to perturbed orbits around the individual point
masses could provide an understanding of the kinematics at
radial scales where the point masses are present.

Dittmann & Ryan (2022) simulate large ranges of viscos-
ities, and demonstrate substantial variability of the gap size as
they define it. In addition, Dittmann et al. (2023) study the
existence of a decoupled regime as indicated in Milosavljevié
& Phinney (2005), where the gap size is demonstrated to not
track the evolution of the binary at effectively ax> >3 x 107,
We note that since we fix y = 0.1, this latter range corresponds
to a>0.03 in our case, where we have shown that the
locations of the Lyapunov-timescale- and torque-balance-based
estimates for the gap size begin to overlap. We also expect
viscosity to be more dynamically important when it is very
large. In addition, we note that the definition for the gap sizes in
Dittmann & Ryan (2022) and Dittmann et al. (2023) is the
location where the density is 20% of oy. This reference density
will generally be much larger than ours since the final density
maximum is less than the initial maximum, which in turn is less
than o (the initial maximum density is only ~0.40( in our
case), and obviously 10% < 20%;the gaps as defined in
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Dittmann & Ryan (2022) and Dittmann et al. (2023) will
therefore occur at much larger distances from the binary, where
viscosity might become more important. Also, the criterion for
the decoupling phase used in Dittmann et al. (2023) is different
from that of Milosavljevi¢ & Phinney (2005), and Dittmann
et al. (2023) identify the decoupling phase as when the binary
separation and the disk radial velocity are comparable as
opposed to the comparison of viscous and gravitational-wave
radiation timescales.

In our follow-up paper (Paper II), we extend the parameter
space of configurations by introducing a constant inclination
angle between the binary and disk planes. We will apply the
same tools used here to characterize the binary’s potential and
the disk’s fluid properties. We will also continue to restrict the
domain of interest to the exterior of the binary.

The primary focus of these two studies is to provide a
coherent physical description of the properties of the
circumbinary disk and its central gap by combining analytical
and numerical approaches. To that effect, the first paper
accomplishes the task of providing a self-contained overview
of both the analytical and numerical approaches that we
consider in this two-part study as well as future applications. It
then provides an overview of the inconsistencies in the current
analytical understanding of circumbinary disks. Finally, we
suggest a new approach, the stability of epicyclic orbits, to
reconcile these inconsistencies and to more accurately describe
the physics governing the behavior of circumbinary disks.

Acknowledgments

The authors thank Zoltan Haiman and Alex Dittman for their
comments and discussions. S.M. and S.T.M. were supported in
part by a National Science Foundation CAREER grant No.
1945130 and a National Aeronautics and Space Administration
grant No. 22-LPS22- 0022. The authors acknowledge the
computational resources provided by the WVU Research
Computing Spruce Knob HPC cluster, which is funded in part
by NSF EPS-1003907, and the Thorny Flat HPC cluster, which
is funded in part by NSF OAC-1726534. This research was
supported in part by the National Science Foundation under
grant No. NSF PHY-1748958.

ORCID iDs

Siddharth Mahesh © https: //orcid.org/0000-0002-8340-614X
Sean T. McWilliams ® https: //orcid.org /0000-0003-
2397-8290

References

Artymowicz, P., & Lubow, S. H. 1994, ApJ, 421, 651

Artymowicz, P., & Lubow, S. H. 1996, ApJL, 467, L77

Binney, J., & Tremaine, S. 2008, Galactic Dynamics: Second Edition
(Princeton, NJ: Princeton Univ. Press)

Dittmann, A. J., & Ryan, G. 2022, MNRAS, 513, 6158

Dittmann, A. J., Ryan, G., & Miller, M. C. 2023, ApJL, 949, L30

Dong, R., Rafikov, R. R., & Stone, J. M. 2011, ApJ, 741, 57

D’Orazio, D. J., Haiman, Z., Duffell, P., MacFadyen, A., & Farris, B. 2016,
MNRAS, 459, 2379

D’Orazio, D. J., Haiman, Z., & MacFadyen, A. 2013, MNRAS, 436, 2997

Duffell, P. C. 2016, ApJS, 226, 2

Duffell, P. C., & MacFadyen, A. 1. 2012, ApJ, 755, 7

Duffell, P. C., & MacFadyen, A. 1. 2013, ApJ, 769, 41

Farris, B. D., Duffell, P., MacFadyen, A. 1., & Haiman, Z. 2014, ApJ, 783, 134

Farris, B. D., Duffell, P., MacFadyen, A. 1., & Haiman, Z. 2015, MNRAS,
446, 136



THE ASTROPHYSICAL JOURNAL, 973:18 (17pp), 2024 September 20

Frank, J., King, A., & Raine, D. 2002, Gas Dynamics (3rd ed.; Cambridge:

Cambridge Univ. Press), 8
Goldreich, P., & Tremaine, S. 1980, AplJ, 241, 425

Goldstein, H., Poole, C., & Safko, J. 2002, Classical Mechanics (Reading, MA:

Addison-Wesley)
Giinther, R., & Kley, W. 2002, A&A, 387, 550
Krauth, L. M., Davelaar, J., Haiman, Z., et al. 2023, MNRAS, 526, 5441
MacFadyen, A. 1., & Milosavljevié¢, M. 2008, Apl, 672, 83
Milosavljevié, M., & Phinney, E. S. 2005, ApJL, 622, L.93
Miranda, R., & Lai, D. 2015, MNRAS, 452, 2396

Mahesh, McWilliams, & Pirog

Pichardo, B., Sparke, L. S., & Aguilar, L. A. 2005, MNRAS, 359, 521

Poisson, E., & Will, C. M. 2014, Gravity (Cambridge: Cambridge Univ. Press)

Rudak, B., & Paczynski, B. 1981, AcA, 31, 13

Shakura, N. L., & Sunyaev, R. A. 1973, A&A, 500, 33

Siwek, M., Weinberger, R., & Hernquist, L. 2023, MNRAS, 522, 2707

Tang, Y., Haiman, Z., & MacFadyen, A. 2018, MNRAS, 476, 2249

Tiede, C., Zrake, J., MacFadyen, A., & Haiman, Z. 2022, ApJ, 932, 24

Toro, E. F. 2013, Riemann Solvers and Numerical Methods for Fluid
Dynamics (Berlin: Springer),

Virtanen, P., Gommers, R., Oliphant, T. E., et al. 2020, NatMe, 17, 261



3.2 Predictions for Misaligned Disk-Binary Systems

The previous section provided a new and successful theoretical framework for understanding the
formation of the circumbinary gap. The resulting depiction anchors the gap formation timescale
to the orbital timescale of the binary orbital period, explaining why the disk moves inward with
the inspiraling binary. One key prediction of this model is that the gap size should be sensitive to
relativistic effects that become important as the binary separation decreases. One such important
effect is the precession of the binary orbital plane due to spin-orbit interactions in general relativity.

At large separations, the leading order effect of spin-orbit precession is the rotation of the orbital
angular momentum of the binary, and the individual black hole spins around the total angular
momentum vector. The relevant timescale for the precession is given by the spin precession frequency,
Qprec [18],

GJ 4mca’

Qp'r'ec = m = Atprec = Wa (34)

where J is the total angular momentum of the binary. At large separations, the total angular

momentum is dominated by the orbital angular momentum of the binary, L. Using Kepler’s laws to

relate L = vM+/GMa, we get

Atprec 4w [ a 5/2 (3.5)
Ryt v \ R, '
where Ry, = G;—QM is the gravitational radius. At large separations, a > R, the precession

timescale is much longer than the orbital period but not longer than the characteristic viscous
timescale. As a result, it was not initially expected that the precession of the binary would have any
significant effect on the circumbinary disk. On the other hand, with the new understanding that the
maintenance of the gap is tied to the orbital period of the binary, it is possible that the precession
of the binary could have a significant effect on the circumbinary disk.

In the disk-binary system, the effect of the spin-orbit precession is to cause a relative inclination
between the binary orbital plane and the disk. Since the precession timescale is a large multiple of
the orbital time period, it is possible to assess the impact of the misalignment numerically in the limit
where the inclination between the disk and binary planes is assumed to be constant in time. More
importantly, the change in the location of the circumbinary gap over inclinations provides a strong
scientific validation of the test particle model of the circumbinary gap, extending the astrophysical

importance of this model beyond a reconciliation between analytical and numerical results.
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The rest of this section provides the results of this study and validates the predictions of the
gap size for inclined disk-binary systems in both cases. The work relevant to the study is contained
in the publication [19]. The text recapitulates the theoretical preliminaries introduced in the last
section and generalizes them to the case where the binary plane is inclined with respect to the disk
plane. The resulting predictions are then compared to numerical simulations of inclined disk-binary
systems.

My contribution to the inclined disk study involved extending the resonant and epicyclic-stability
analyses to misaligned disk-binary systems, identifying the predicted unstable sector in inclination,
comparing the analytical predictions with numerical simulations, and interpreting the resulting time-
dependent disk behavior. This work tests whether the instability-based gap picture developed in

the coplanar case remains predictive when the disk and binary angular momenta are not aligned.
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Abstract

To gain insight into the dynamical influence of a supermassive black hole binary on a circumbinary accretion disk,
we investigate the binary and viscous torque densities throughout such a disk, with emphasis on the final density
distribution, particularly the size and stability of the central gap between the binary and the inner edge of the disk.
We limit ourselves to the simplified case of a massless viscous thin accretion disk under the influence of the
gravitational potential from a binary system whose orbital plane is inclined relative to the disk. We employ two-
dimensional Newtonian hydrodynamics simulations to examine the influence of two model parameters: the mass
ratio of the binary and the inclination angle between the binary and the disk. We investigate their impact on the
density and torque distribution. In our analytical approach, we consider the stability of epicycles induced by the
perturbative effect of the asymmetric inclined binary gravitational potential on Keplerian circular orbits. Through
our simulations, we observe that certain configurations never attain a quasi-steady state, where the density profile
averaged over many orbits stabilizes. This instability occurs when the inclination is close to 45°. Furthermore, we
identify configurations where there is never a persistent balance between the dynamical and viscous torque
densities, as well as cases where the location of this balance oscillates or exhibits other time-dependent behavior
over viscous timescales. These findings have implications for understanding both the expected gravitational-wave
signal and electromagnetic counterparts from supermassive black hole binaries.

Unified Astronomy Thesaurus concepts: Astrophysical fluid dynamics (101); Accretion (14); Circumstellar disks
(235); Orbital theory (1182); Orbital resonances (1181); Computational methods (1965); Astrophysical black

holes (98)

1. Introduction

The evolution of gaseous accretion disks surrounding
supermassive black hole binaries is a crucial and active area
of research in astrophysics. Observationally, understanding the
dynamics of these circumbinary disks is vital for interpreting
any electromagnetic signatures that might be used to identify
supermassive black hole binary candidates (I. Bartos et al.
2017; N. C. Stone et al. 2017; B. McKernan et al. 2018;
H. Tagawa et al. 2020). Theoretically, the mechanisms by
which a gap between the binary and the inner edge of the disk
is created and maintained are interesting open problems. Early
analytical work on resonant torques and disk dynamics
addressing the problem of gap formation in circumbinary disks
was presented in P. Goldreich & S. Tremaine (1980) and
P. Artymowicz & S. H. Lubow (1996) for coplanar and
eccentric cases, respectively. R. Miranda & D. Lai (2015)
investigated the problem of eccentric binaries inclined with
respect to the disk's plane, focusing on the same problem;
namely, the balance between binary and viscous torques and its
impact on the location of the central gap. Numerically,
simulating the progression of the unequilibrated disk toward
a quasi-steady state (or, in some cases, the lack thereof) and the
maintenance of the circumbinary gap over viscous timescales
are significant challenges.

Numerical simulations of these systems have been
conducted using both smooth particle hydrodynamics (see

Original content from this work may be used under the terms

5Y of the Creative Commons Attribution 4.0 licence. Any further
distribution of this work must maintain attribution to the author(s) and the title
of the work, journal citation and DOL.

e.g., M. R. Bate et al. 1995; P. Artymowicz & S. H. Lubow 1996;
A. Escala et al. 2005; K. Hayasaki et al. 2007; J. Cuadra et al.
2009; C. Roedig et al. 2012; F. 1. Pelupessy & S. Portegies
Zwart 2013; E. Ragusa et al. 2016), and grid-based hydro-
dynamics methods (e. g. R. Giinther & W. Kley 2002;
A. 1. MacFadyen & M. Milosavljevi¢ 2008; T. Hanawa et al.
2010; M. de Val-Borro et al. 2011; D. J. D’Orazio et al. 2013;
S. Lines et al. 2015; R. Miranda et al. 2017). Our approach to this
problem originates from the work of A. I. MacFadyen &
M. Milosavljevi¢ (2008), who investigated a two-dimensional
coplanar configuration of an equal-mass binary and a thin,
viscous, isothermal disk. Since then, several generalizations have
been made. D. J. D’Orazio et al. (2013) studied different mass
ratios of the binary within Newtonian hydrodynamics. General-
izations from pure Newtonian hydrodynamics to Newtonian
magnetohydrodynamics (MHD), then to post-Newtonian MHD,
and finally to General-Relativistic MHD have been made in e. g.
J.-M. Shi et al. (2012), S. C. Noble et al. (2012), and B. D. Farris
et al. (2012), respectively. Further studies of the topic can be
found, for example, in J.-M. Shi & J. H. Krolik (2015) and
D. B. Bowen et al. (2019). Additionally, recent studies exploring
the vicinity of each black hole and extending the description to
the Kerr metric are discussed in L. Combi et al. (2021) and
L. Combi et al. (2022).

Circumbinary disks that are inclined with respect to the
binary plane have also been investigated by E. I. Chiang &
R. A. Murray-Clay (2004) in the context of planetary systems.
The authors provided evidence that the inclination of the disk
may explain the observed electromagnetic flux from the pre-
main-sequence star KH 15D. Similarly, T. Hioki et al. (2011)
considered the misalignment between circumstellar and
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circumbinary disks as an explanation for the observed behavior
of FS Tauri. In both of these studies, the models’ parameters
were chosen to match those specific astronomical systems.
Analytical studies of disks inclined with respect to the binary
plane were carried out by F. Foucart & D. Lai (2014), who
derived an analytical description for the long-term evolution of
the disk in an axisymmetric perturbed gravitational potential.
Inclined three-dimensional configurations were investigated in
A. Dittmann et al. (2024), which focused on the effect of an
active galactic nucleus disk on an embedded binary. The
authors analyzed numerous configurations with various
inclinations, including retrograde cases. They found that the
duration of the inspiral stage, due to gravitational interactions
with the disk, could be up to 4 times shorter than prograde
configurations. However, the implications of this result for the
isolated binary problem remain uncertain.

In this work, we attempt a more general study of the
dynamics of circumbinary disks, covering a wide range of our
model parameters. However, our approach differs from the
aforementioned studies in one important aspect: we do not
consider varying eccentricities and instead assume circular
orbits. While eccentricity can play an important role, here, we
specifically concentrate on exploring how the disk dynamics
varies with the binary mass ratio and inclination angle. This
work is a continuation of our earlier work, S. Mahesh et al.
(2024; hereafter Paper I), where we studied the same
configuration but with zero inclination.

We emphasize that, despite the physical problem being
three-dimensional, the hydrodynamical field equations we
employ primarily involve two-dimensional functions. The only
three-dimensional aspect of this work pertains to the inclination
between the binary's orbital plane and the disk, where the total
gravitational potential within the disk is due to the combined
influence of the two binary components that are executing an
inclined circular orbit. In our numerical analysis, we employ
two-dimensional Newtonian hydrodynamics simulations to
examine the influence of two model parameters: the mass
ratio of the binary and the inclination angle between the binary
and the disk. We investigate their impact on the density and
torque distribution. It is important to acknowledge the
limitations of our two-dimensional simulations. By construc-
tion, these simulations do not account for several three-
dimensional effects such as disk warping, twisting, disruption,
and differential precession, which are likely significant in
inclined astrophysical systems (S. Facchini et al. 2010). These
three-dimensional effects can lead to complex disk morphol-
ogies and dynamics that are not captured in our current model.

In disk-binary interactions, it has long been argued that the
binary will clear a gap in the disk through resonant torquing
(P. Artymowicz & S. H. Lubow 1996). In that scenario, the gap
size would be determined by imposing that the timescale of angular
momentum deposition by the Lindblad Torques (gap opening
timescale) far exceeds the timescale of viscous dissipation of
angular momentum through the disk (gap closing timescale;
P. Goldreich & S. Tremaine 1980). Using these ideas, it has been
suggested that an electromagnetic afterglow from a circumbinary
disk could brighten and be observed long after a pair of massive
black holes have merged (M. Milosavljevi¢ & E. S. Phinney 2005).
However, ideas like this rely on the assumption that a gap is
maintained due to the resonant behavior of the disk—binary
interaction. However, in Paper I, a study of perturbed orbits in the
binary potential revealed incredibly high epicyclic advances due to
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the harmonic modes of the binary potential at a broader range of
distances around the corresponding Lindblad resonance. Further-
more, the perturbed orbits at these distances exhibit instabilities
with an e-fold timescale much less than the binary orbital period.
Thus, the driving of short-timescale instabilities in the inner disk
was suggested as being responsible for opening and maintaining
circumbinary gaps for these systems.

The effect of misalignment of the binary and disk planes is to
weaken the effect of the binary potential (R. Miranda &
D. Lai 2015). While both gap opening mechanisms discussed
in Paper I rely on the strength of the gravitational potential, the
effect of the weakening manifests differently in each picture.
The predictions from the orbital stability picture tend to portray
a gradual decrease in the size of the circumbinary gap. On the
other hand, the weakening of the resonant torques leads to
sharp transitions of the dominant Lindblad resonances, some-
times predicting an increase in the gap size close to counter-
rotating inclinations. We demonstrate that, while the numerical
gap sizes show some transitionary trends, they do not coincide
with the inclinations predicted by the resonant torque picture.
However, when considering the unstable nature of the quasi-
stationary state for these inclinations, the overall trend is still
better predicted by the orbital stability picture.

Astrophysically, misalignment of binary and disk planes can
be induced by the general-relativity-induced precession of the
spin and orbital angular momenta of the binary over an
associated timescale (E. Poisson & C. M. Will 2014). Should
the short-timescale picture hold over a range of binary—disk
inclinations, the precession timescale would exceed the gap
opening timescale. This would allow for an adiabatic treatment
of the disk—binary environment where the gap size fluctuates
over the range of inclinations accessed by the binary.
Additionally, the effect of the inner disk instabilities could
contribute to an electromagnetic counterpart to the gravitational
radiation from the binary.

In order to compare our analytical predictions with numerical
simulations, we utilized the DISCO code, which has previously
demonstrated its effectiveness as a solver in similar studies (see,
e.g., B. D. Farris et al. 2014; D. J. DOrazio et al. 2016; Y. Tang
et al. 2017; P. C. Duffell et al. 2020). A detailed description of this
numerical tool can be found in P. C. Duffell (2016). Furthermore,
an extensive study comparing various numerical codes designed for
binary—disk interactions, including DISCO, is provided in
P. C. Duffell et al. (2024).

The rest of the paper is structured as follows. Section 2
provides a detailed description of the model's construction,
features, and parameters, accompanied by the necessary
mathematical formulas to express it within the framework of
Newtonian gravity and hydrodynamics. We then delve into the
numerical approach employed, followed by a presentation of
our initial data and boundary conditions. In Section 3, we focus
on the results of our numerical simulations as summarized in
Table 1 and introduce the concept of the quasi-steady state. For
the sake of convenience, we adopt the terms moderately
inclined, highly inclined, and counterrotating systems to denote
inclinations v € (0°, 30°), v € (55°, 90°), and v € (90°, 180°),
respectively. The range of v € (30°, 55°) is referred to as the
unstable region. We present the details of our analytical model
in Section 4 and compare it with our numerical results in
Section 5. Finally, Section 6 provides a summary, draws key
conclusions, and outlines potential future research directions.
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Table 1
Summary of Simulated Configurations
Run'’s Code q L L rar Far <(rar) Fmax Tinax S (Fnax) 10
(ram) %

1-000 1:1 0° 12,000 2.0786 2.0817 0.0045 4.7568 4.7643 0.0342 2.3194
1-015 1:1 15° 12,000 2.0599 2.0749 0.0223 4.7568 4.7719 0.0234 2.2943
1-020 1:1 20° 36,000 2.0632 2.0817 0.0045 4.7568 4.7643 0.0342 2.2922
1-025 1:1 25° 12,000 2.1203 2.0879 0.0572 4.7568 4.7492 0.0186 2.2723
1-030 1:1 30° 30,000 2.1827 2.0665 0.0987 4.7112 4.7492 0.0186 2.2464
1-035 1:1 35° 24,000 2.2467 2.0531 0.1338 4.7112 4.7491 0.0342 2.2163
1-040 1:1 40° 24,000 1.9178 2.0858 0.2130 4.7568 4.7415 0.0371 2.1927
1-045* 1:1 45° 48,000 1.9681 1.8663 0.0566 4.7568 4.8404 0.0535 2.1935
1-050 1:1 50° 24,000 1.7466 1.7467 0.0001 2.4390 2.4390 0.0000 1.7150
1-055 1:1 55° 12,000 1.7356 1.7357 0.0001 2.4030 2.4030 0.0000 1.6999
1-060 1:1 60° 12,000 1.7240 1.7240 0.0001 2.3672 2.3672 0.0000 1.6647
1-075 1:1 75° 12,000 1.6905 1.6906 0.0002 2.2959 2.2959 0.0000 1.5833
1-090 1:1 90° 12,000 1.6428 1.6427 0.0001 2.2959 2.2959 0.0000 1.4778
1-105 1:1 105° 12,000 1.6029 1.6029 0.0002 2.2959 2.2959 0.0000 1.3683
1-120 1:1 120° 12,000 1.5760 1.5745 0.0013 2.5472 2.5533 0.0148 1.2993
1-135 1:1 135° 12,000 1.5320 1.5282 0.0035 3.6491 3.6557 0.0164 1.2394
1-150 1:1 150° 12,000 4.1855 4.2069 0.0234 1.2294
1-165 1:1 165° 12,000 1.1595 1.1595 0.0000 4.7568 4.7794 0.0248 1.2457
1-180 1:1 180° 12,000 1.1617 1.1617 0.0000 4.8479 4.8786 0.0377 1.2576
2-000 2:3 0° 12,000 2.0745 2.0736 0.0020 4.7112 4.7340 0.0250 2.2997
2-015 2:3 15° 12,000 2.0913 2.0738 0.0233 4.7112 4.7188 0.0186 2.2788
2-020 2:3 20° 36,000 2.0220 2.0736 0.0020 4.7112 4.7340 0.0250 2.2681
2-025 2:3 25° 12,000 1.9962 2.0550 0.0626 4.6662 4.6887 0.0246 2.2488
2-030 2:3 30° 24,000 2.0295 2.0503 0.0830 4.6662 4.6737 0.0184 2.2313
2-035" 2:3 35° 24,000 2.1543 2.1149 0.1185 4.5771 4.6439 0.0469 2.2108
2-040" 2:3 40° 24,000 1.8632 2.0589 0.2060 4.6662 4.6142 0.0593 2.1792
2-045 2:3 45° 48,000 1.8808 1.8414 0.0242 4.8020 4.8021 0.0288 2.1860
2-050™" 2:3 50° 12,000 1.7366 1.8065 0.1280 2.4390 2.9067 0.5343 1.6875
2-055 2:3 55° 12,000 1.7355 1.7352 0.0005 2.4030 2.4090 0.0147 1.6797
2-060 2:3 60° 12,000 1.7214 1.7214 0.0002 2.4030 2.4030 0.0000 1.6574
2-075 2:3 75° 12,000 1.6811 1.6807 0.0004 2.2959 2.2840 0.0184 1.5692
2-090 2:3 90° 12,000 1.6443 1.6442 0.0001 2.5109 2.5109 0.0000 1.5029
2-105 2:3 105° 12,000 1.6062 1.6062 0.0000 2.3315 2.3315 0.0000 1.3884
2-120 2:3 120° 12,000 1.5785 1.5794 0.0008 29147 2.9147 0.0000 1.2869
2-135 2:3 135° 12,000 1.5501 1.5467 0.0049 3.5691 3.5757 0.0163 1.2687
2-150 2:3 150° 12,000 4.0588 4.0658 0.0171 1.2595
2-165 2:3 165° 12,000 4.4883 4.4957 0.0180 1.2526
2-180" 2:3 180° 12,000 4.8020 4.8556 0.0346 1.2581
3-000 3:7 0° 12,000 2.0524 2.0521 0.0007 4.5325 4.5325 0.0000 2.2462
3-015 3.7 15° 12,000 2.0754 2.0458 0.0268 4.4883 4.5104 0.0242 2.2343
3-020 3.7 20° 12,000 2.0595 2.0521 0.0007 4.5325 4.5325 0.0000 2.1915
3-025 37 25° 12,000 2.0832 2.0355 0.0639 4.4883 4.4957 0.0180 2.1980
3-030 3.7 30° 24,000 1.9146 2.0224 0.1005 4.4444 4.4518 0.0330 2.1648
3-035" 37 35° 12,000 2.1695 2.0126 0.1275 4.3142 4.3936 0.0508 2.1254
3-040 37 40° 12,000 2.0339 2.0111 0.1406 4.2712 4.2855 0.0222 2.1135
3-045" 3.7 45° 48,000 2.0463 1.9729 0.0427 4.4007 4.5255 0.0857 2.1135
3-050 3.7 50° 12,000 1.7155 1.7288 0.0119 4.3142 4.3502 0.0326 1.6648
3-055 37 55° 12,000 1.6951 1.6964 0.0014 4.3142 4.3142 0.0000 1.6560
3-060 3.7 60° 12,000 1.6848 1.6855 0.0005 4.2712 4.2712 0.0000 1.6529
3-075 3.7 75° 12,000 1.6795 1.6795 0.0001 3.8516 3.8516 0.0000 1.6084
3-090 3.7 90° 12,000 1.6358 1.6357 0.0001 3.9339 3.9339 0.0000 1.5234
3-105* 3:7 105° 12,000 1.5969 1.5970 0.0001 3.4505 3.3852 0.0320 1.4155
3-120 3.7 120° 12,000 1.5811 1.5811 0.0007 3.0651 3.0462 0.0207 1.3067
3-135 3.7 135° 12,000 1.5949 1.5929 0.0038 3.3333 3.3333 0.0000 1.3024
3-150 3.7 150° 12,000 3.7702 3.7566 0.0210 1.2841
3-165 3.7 165° 12,000 4.3574 4.3790 0.0237 1.2589
3-180 37 180° 12,000 4.8020 4.8403 0.0345 1.2606
4-000 1:4 0° 12,000 1.9934 1.9925 0.0019 4.2283 4.2283 0.0000 2.1530
4-015 1:4 15° 12,000 1.9618 1.9861 0.0260 4.1855 4.1714 0.0218 2.1133
4-020" 1:4 20° 12,000 2.0120 1.9925 0.0019 4.1008 4.2283 0.0000 2.0770
4-025 1:4 25° 12,000 2.0549 1.9872 0.0580 4.0588 4.0588 0.0000 2.0562
4-030 1:4 30° 24,000 2.0353 1.9567 0.0872 3.9755 3.9962 0.0347 1.9972
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Table 1
(Continued)
Run'’s Code q L L rar Far <(rar) Tmax Finax S (Fimax) T10
(rar) %

4-035 1:4 35° 12,000 2.0981 1.9396 0.1241 3.9339 3.9616 0.0215 1.9682
4-040" 1:4 40° 12,000 1.8819 1.8603 0.0846 3.8516 3.9002 0.1199 1.9311
4-045™* 1:4 45° 48,000 2.0057 2.0679 0.0573 4.0169 3.9075 0.1533 1.9717
4-050 1:4 50° 12,000 1.7301 1.7240 0.0058 4.4444 4.4737 0.0227 1.6726
4-055 1:4 55° 12,000 1.6733 1.6730 0.0003 4.0169 4.0169 0.0000 1.6312
4-060 1:4 60° 12,000 1.6642 1.6641 0.0004 4.0588 4.0588 0.0000 1.6181
4-075 1:4 75° 12,000 1.6265 1.6269 0.0003 4.1008 4.1008 0.0000 1.5703
4-090 1:4 90° 12,000 1.5962 1.5963 0.0002 4.1432 4.1220 0.0232 1.5011
4-105 1:4 105° 12,000 1.5598 1.5596 0.0001 3.9339 39133 0.0226 1.4043
4-120 1:4 120° 12,000 1.5590 1.5595 0.0007 3.1793 3.1665 0.0197 1.3137
4-135 1:4 135° 12,000 1.5950 1.5963 0.0055 3.2175 3.2175 0.0000 1.3163
4-150 1:4 150° 12,000 3.5691 3.5558 0.0205 1.2956
4-165 1:4 165° 12,000 4.2283 4.2712 0.0272 1.2658
4-180 1:4 180° 12,000 4.7568 4.8022 0.0407 1.2659
5-000 1:10 0° 12,000 1.8616 1.8616 0.0020 34112 3.4440 0.0160 1.8305
5-015 1:10 15° 12,000 1.8531 1.8329 0.0229 3.2559 3.2817 0.0200 1.7858
5-020* 1:10 20° 24,000 1.8822 1.8616 0.0020 3.3333 3.4440 0.0160 1.7678
5-025 1:10 25° 12,000 1.7315 1.8123 0.0766 3.3333 3.3398 0.0158 1.7292
5-030 1:10 30° 24,000 1.8619 1.7939 0.0752 3.3722 3.3982 0.0320 1.6829
5-035* 1:10 35° 24,000 1.7022 1.7042 0.0412 3.3333 3.3918 0.0479 1.6103
5-040 1:10 40° 12,000 1.8393 1.8413 0.0035 3.6090 3.5890 0.0219 1.7081
5-045 1:10 45° 36,000 1.6428 1.6471 0.0098 3.6892 3.6691 0.0220 1.4868
5-050 1:10 50° 12,000 1.6062 1.6064 0.0002 3.8516 3.8516 0.0000 1.4589
5-055 1:10 55° 12,000 1.5969 1.5969 0.0005 3.9755 3.9755 0.0000 1.4531
5-060 1:10 60° 12,000 1.5865 1.5861 0.0004 4.0169 4.0169 0.0000 1.4479
5-075 1:10 75° 12,000 1.5543 1.5535 0.0006 4.1008 4.1220 0.0232 1.4136
5-090 1:10 90° 12,000 1.5225 1.5233 0.0010 4.1008 4.1079 0.0173 1.3652
5-105 1:10 105° 12,000 1.4853 1.4863 0.0008 3.6491 3.6424 0.0163 1.2929
5-120 1:10 120° 12,000 1.4304 1.4332 0.0036 34112 3.3852 0.0202 1.2693
5-135 1:10 135° 12,000 1.3766 17.5756 39.6563 34112 34112 0.0000 1.2793
5-150 1:10 150° 12,000 3.6491 3.6557 0.0164 1.2721
5-165 1:10 165° 12,000 4.1432 4.1291 0.0219 1.2547
5-180 1:10 180° 12,000 4.6662 4.6963 0.0369 1.2646
6-000 1:100 0° 12,000 1.4017 1.4014 0.0004 3.1030 3.1030 0.0000 1.2789
6-015 1:100 15° 12,000 1.3709 1.3709 0.0006 2.9147 2.8961 0.0204 1.2450
6-020 1:100 20° 12,000 1.3379 1.4014 0.0004 3.1410 3.1030 0.0000 1.2364
6-025 1:100 25° 12,000 1.2967 1.2908 0.0061 3.3722 3.3398 0.0158 1.2302
6-030 1:100 30° 12,000 3.4899 3.5031 0.0203 1.2220
6-035 1:100 35° 12,000 3.6090 3.6090 0.0000 1.2172
6-040 1:100 40° 12,000 3.6892 3.6959 0.0165 1.2208
6-045 1:100 45° 12,000 3.7702 3.7566 0.0210 1.2166
6-050 1:100 50° 12,000 3.8106 3.8106 0.0000 1.2226
6-055 1:100 55° 12,000 3.8516 3.8448 0.0167 1.2167
6-060 1:100 60° 12,000 3.8516 3.8584 0.0168 1.2150
6-075 1:100 75° 12,000 3.8926 3.9064 0.0213 1.2136
6-090 1:100 90° 12,000 3.9339 3.9408 0.0170 1.2141
6-105" 1:100 105° 12,000 4.2283 4.3071 0.0503 1.2081
6-120 1:100 120° 12,000 43142 4.3286 0.0223 1.2069
6-135 1:100 135° 12,000 4.3142 4.3286 0.0223 1.2066
6-150 1:100 150° 12,000 43142 4.3430 0.0353 1.2063
6-165 1:100 165° 12,000 4.3574 4.3718 0.0223 1.2063
6-180 1:100 180° 12,000 4.4007 4.4153 0.0226 1.2183

Note. All cases have a viscosity coefficient « = 0.01. The first column contains the run code in the format X-YYY, where X's refer to the mass ratio, and YYY
encodes the inclination angle. The other columns give the mass ratio g, inclination angle t, total simulated time ¢, the radius where the viscous and dynamical torque
densities balance ryr at = 60006, the mean of rqr over the subsequent 5000 binary revolutions 7y, the standard deviation of r4r over that same time interval ¢(rgr),
the radius of the density maximum 7y, at £ = 60000, its mean over the subsequent 5000 binary revolutions 7y, its standard deviation over the subsequent 5000 binary
revolutions ¢ (siax), and the radius where the density reaches 10% of the final density maximum ryqq, at # = 60008. Runs marked with a single asterisk (*) denote those
that never reach a quasi-steady state, while those marked with double asterisks (**) denote runs that at first appear to reach a quasi-steady state over many orbits, but
eventually depart from the quasi-steady state within a viscous timescale. All other cases persist in their quasi-steady state over a viscous timescale.
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2. Theoretical Foundations
2.1. Analytical Preliminaries

As with our previous study, we work in units where the
gravitational constant G, the combined mass of the binary M,
and the semimajor axis of the binary a are all set to unity. With
this in mind, we consider the gravitational potential experi-
enced by test particles within the plane of a disk due to a binary
system of point masses, such that the binary is inclined with
respect to the disk by an angle .. We again note that we only
study the planar motion of the test particles.

Following R. Miranda & D. Lai (2015), we decompose the
gravitational potential in the plane of the disk into azimuthal
and temporal harmonics:

O(r, ¢) = —% + Zm’ném,n(r, v)cos m¢p — nt, (1

where r is the radial distance, ¢ is the azimuthal angle within
the plane of the disk, m and n are the azimuthal and temporal
harmonic indices, and ¢ is the time in units of the binary orbital
period.

Compared to the coplanar case studied in Paper I, we note
that an additional harmonic index has been introduced. This is
to take into account eccentric modes, i.e., harmonic modes
where the azimuthal frequency is offset from the temporal
frequency of the mode due to noncircular behavior. Even when
the binary in question is executing a circular orbit, the
projection of an inclined orbit onto the plane of the disk is
not circular, and therefore allows for eccentric harmonic modes
to propagate and affect the disk dynamics.

Using the Wigner matrix formulation from quantum
mechanics, we can decompose the gravitational potential
within the plane of the disk into spherical harmonic as
suggested in R. Miranda & D. Lai (2015) to get the following
expression for the Fourier modes ®,,, ,;:

q)m,n(r, q, L) = -2 Z levl,mvvl,ndli,m(b)rililv (2)

[=lmin

where [ labels the index of the spherical harmonic,
Q= (—w' — p) + p(1 — ) is the multipole moment
with p being the ratio of the secondary mass to the total mass,
W, is given in Equation (9) of R. Miranda & D. Lai (2015)
and relates to the equatorial spherical harmonics, and d,{’m is the
Wigner “little” d matrix (N. Zettili 2009). As with the coplanar
case, [, = max(2, m, n).

Importantly, we analyze the effect of the Fourier potential as
a perturbation of circular orbits in the background Keplerian
potential. The effect of the perturbation is to force epicyclic
motion about the circular orbits. The amplitude of the epicycles
for any Fourier mode is, in this case, given by

2%(1 - m—w) + 8, B

— o
Am,n (l’o) - |(mw — }’1)2 _ w2|

3)
where w = 1y 3/2 is the Keplerian angular frequency, and ry is
the radius of the background circular orbit; see Section 2.2 of
Paper I for a detailed derivation of the epicyclic approximation.

In this study, we focus once again on the stability of the
epicyclic motion as well as the strength of Lindblad torques in
light of the disk-orbit inclination. In comparison to the coplanar
case, we notice two additional components—the time harmonic
in the cosine of the Fourier decomposition and the dependence
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of the strength of the potential (and, correspondingly, the
amplitude of epicycles) on the inclination of the binary's orbit.
The time harmonic introduces new resonances to the picture,
which are conventionally referred to as eccentric resonances,
since the m = n modes are only present when the projection of
the binary orbital plane onto the disk plane is noncircular.
These resonances can be found farther away from the circular
Lindblad resonances (i.e., when m =n), and therefore can
occur at orbits farther from the typical gap scale where the
instability timescale is much larger. On the other hand, the
dependence of the epicyclic amplitude on inclination affects
the magnitude of the Lyapunov exponents, and this alters the
instability timescale. The strength of the potential is weakened
for inclined systems, and this brings the gap closer to the
binary, which can ultimately be used to explain the observed
trend in the gap sizes from our numerical study.

We note here that, while the gravitational potential is written
in terms of the radius and azimuthal angle, we neglect the role
that polar angle or vertical displacement plays in shaping the
dynamics of the test particles. This is to ensure that the
analytical description matches the numerical setup of the disk
hydrodynamics. Ideally, the inclined binary system will force
particles to move toward the point masses, displacing the test
particles from the disk plane. In the resonant torque picture, a
new set of vertical resonances (S. H. Lubow & G. I. Ogilvie
1998) will need to be included in addition to the eccentric
resonances discussed earlier. In the orbital stability picture, the
dynamics of the test particles will have an additional degree of
freedom resulting in an additional Lyapunov exponent that
corresponds to instabilities driving the test particles out of the
disk plane. The consequence of off-plane dynamics to the
formation and maintenance of the circumbinary gap will be left
for future studies.

2.2. Hydrodynamics Equations

In our setup, the only source of the Newtonian gravitational
potential ®(x) is two point masses, m; and m,, moving on fixed
circular orbits. The potential at an arbitrary point in three-
dimensional space, represented by the vector x, can be
expressed as

m ma

d = +
X — X

“4)

b
X — X2

where x; and x, are the positions of the point masses.

The dynamics of the massless disk is governed by the
standard equations of Newtonian hydrodynamics for mass
(areal) density o(x) and fluid velocity v(x),

0,0+ V- (ov) =0, ©)
8,v+(v~V)v=—le—V<I> +f, (6)
o

where p(x) represents the pressure, and the viscous force f,(x)
is given by

L=V Wy + v(%uv - v). )

To complete the system of equations and make it solvable, an
equation of state and a prescription for the viscosity are also
required (J. Frank et al. 2002).
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2.3. Numerical Setup

The numerical calculations are performed using the open-
source numerical code DISCO (P. C. Duffell 2016). This code
is designed for grid-based, three-dimensional, moving mesh
simulations and is specifically tailored to solve Newtonian
MHD problems in axial symmetry. The code's architecture
allows for easy reduction of dimensions to handle two-
dimensional problems. The moving mesh capability enables
the user to optimize accuracy and computational efficiency by
selecting the angular velocity of the grid, thereby minimizing
diffusive advection errors.

In our study, we consider a three-dimensional configuration
consisting of a black hole binary and a thin, viscous, and
massless disk inclined with respect to the binary. The first
component of our system is the black hole binary, which is
modeled using point masses within the Newtonian framework.
We define a “primed” polar coordinate system, denoted as
(r', ¢'), centered on the center of mass of the binary and
coplanar with the binary's orbit. In this coordinate system, the
gravitational potential, Equation (4), takes the form

@(r’): Gm1 + GH’IQ

I
r—n

(®)

/’
r'—r

where 7 and r; are determined by the first model parameter, the
mass ratio g = my/my, (also denoted mj:m, in the text);
specifically, they are given by 5 =g¢/(1+¢) and
n=1/1+ q).

The second component of our system is the two-dimensional
viscous disk. We define a cylindrical coordinate system (r, ¢, z)
with the origin at the center of the binary, where the surface
z=0 is tangential to the orbital plane of the binary at an angle
L. In this configuration, the disk exists solely on the surface
(r, ¢, z=0), and all hydrodynamics quantities are evaluated on
this surface. To describe the viscous force, we adopt the a-type
viscosity following the original approach of N. I. Shakura &
R. A. Sunyaev (1973). Here, the viscosity is given by
ur) = asz/r3/ 2, where « is a constant, s(r) = X/r /2 is the
speed of sound, and x = h/r represents the constant ratio of the
pressure scale height to the radius. For our simulations, we
choose x = 0.1.

The focus on two-dimensional simulations in this work was
primarily motivated by the computational cost of three-
dimensional simulations. While we recognize that three-
dimensional simulations could capture additional phenomena
like disk warping, which could impact the evolution of disk
parameters in the midplane, our preliminary investigation in
two dimensions provided evidence in favor of our proposed
gap opening mechanisms. The discovery of an unstable sector
and the behavior of torques at particular configurations has
given insight into areas that could be further explored with
three-dimensional simulations in the future.

The system of Equations (5) and (6) consists of four
primitive variables: the surface mass density o, the pressure p,
and the two components of the fluid's velocity vector
v = (v", r{2), all of which depend on the cylindrical coordinates
r and ¢. Additionally, the pressure is related to the density
through the locally isothermal equation of state, given by
p = s°o. Figure 1 illustrates the meaning of the inclination
angle v as the angle between the disk and binary planes.

We utilize the two-dimensional version of the open-source
Riemann solver, DISCO (P. C. Duffell 2016), specifically the
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HLLC version (E. F. Toro 2013), to solve the field equations
for the four primitive variables: density o(f, r, ¢), pressure
p(t, r, ¢), radial linear velocity v'(¢, r, ¢), and angular velocity
Q(t, r, ¢). This choice is suitable due to the thinness of the disk.
As the point masses are described in the primed coordinates
(r', ¢"), it is necessary to transform their positions to the
unprimed coordinates (7, ¢, z) using the following coordinate
transformations:

ri = r{ (cos? ¢} + sin’ ¢ cos?1)!/2
¢; = arctan (tan ¢ cos ),

zi=—r sing]sint. 9)

Here, i € {1, 2} corresponds to the first and second mass,
respectively. It is important to note that, although our model is
limited to a two-dimensional problem, we include the three-
dimensional information of the point masses’ position (r, ¢, z)
when calculating the gravitational potential and evaluating the
hydrodynamical equations in the two-dimensional setup at the
surface (r, ¢, z = 0).

We adopt the binary separation a as the unit of length. Our
computational domain is defined as the region § = Sigpa\Sa
where S1p0a =1 X ¢: r < 100a A ¢ € (0, 2) is a filled circular
region from which we exclude the subdomain S, = r x ¢: r <
a A ¢ € (0, 27). The purpose of excluding the inner region S, is
to optimize computational efficiency, since we are focusing
solely on the circumbinary disk. However, it is worth
mentioning that future studies will aim to incorporate this
excluded region in order to expand the scope of our
investigation. For reference, Figure 2 provides a visual
comparison between the case labeled as i00gl from Table 1
(equal mass, not inclined) and the corresponding simulation
where the input parameters are the same, but the region r < a is
included in the computational domain.

The numerical grid used in our simulations incorporates
moving mesh capabilities, allowing it to rotate with an angular
velocity of Qgiq = r—3/2. The grid is composed of nearly
square-shaped cells, with an aspect ratio close to unity. We
introduce the term “ring” to refer to a group of grid cells that
are equidistant from the center. Our grid consists of a total of
n =480 radial rings, with each ring containing a varying
number of cells denoted by 7;, where the index “j” corresponds
to the radial ring. The width of the rings changes with radius,
ranging from approximately 0.034 for the innermost ring to
approximately 0.790 for the outermost ring. Explicitly, the
width of the nth ring is given by the difference between two
neighboring nodes Ar, = r,; — r,, where

r, = 1 + Asinh(BC), (10)
with

5 n—1

> B -
sinh(1) 480

, czsinhfl(%). (11)

This particular choice ensures that variations in the density are
adequately resolved across multiple cells. The time intervals
employed in our simulations vary between time steps and are
calculated as half of the minimal propagation time that may
occur across the entire grid. The timescale is expressed in terms
of the binary revolution period ¢ and is related to the viscous
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Figure 1. The configuration we are considering, where the orbital plane of the binary is inclined by an angle v relative to the plane of the disk.
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Figure 2. The plots show the comparison of our standard approach where we intentionally, due to computational cost, excluded the inner region r < a from our
numerical domain (red curves), and a test run without any limits of this kind (green curves). The left plot shows the instantaneous (solid lines) and averaged mass
density distributions (dotted lines) for both approaches. The right plot shows that the location where the dynamical (solid lines) and viscous torque densities (dotted
lines) intersect does not depend on the choice for the inner boundary. Both plots present a stage of the evolution at t = 60006.

timescale by the well-known approximate formula

ﬁ _ 16006
3v. 232

The majority of our results are expressed in terms of
azimuthally and time-averaged quantities. To obtain an

exclusively r-dependent averaged function (£)(r) from a
general variable £(, r, ¢), we perform the following procedure:

1 +A 2T
©0 =5~ f fo £, r. ¢) dod

where A is the time interval over which the quantity is
averaged. From a numerical perspective, let us introduce the
notation &, which corresponds to the variable £ evaluated at
the ith time sample, the jth radial ring, and the kth azimuthal
cell. The averaging procedure can then be written as

(&) =

1, ~ p3/2 (12)

13)

1 m+kng Nnj

Do 2 G

RAsN; i—m k=1

(14)

where we introduce additional parameters for mathematical
correctness and transparency: x represents the number of time
samples per binary revolution, ns denotes the number of binary
revolutions over which we average, and m represents the
number of binary revolutions at which we start the averaging

procedure. In our case, we choose A = 506, so ng = 50 and
x = 60. This results in 3000 time samples for 50 binary
revolutions, which corresponds to one sample for each 6° of the
binary's circular motion.

2.4. Initial Data and Boundary Conditions

Following the approach of M. Milosavljevié¢ & E. S. Phinney
(2005) and D. J. D’Orazio et al. (2013), we initialize our
primitive variables for a locally isothermal equation of state
with a surface density that is peaked around » = 8a and falls off
significantly at r < 3a. The orbital frequency and radial
velocity are initialized taking into account the pressure gradient
and viscous drift, respectively, so that the initial surface
density, pressure, orbital frequency, and radial velocity are

given by
3 2
ot=0,r) = ao(ﬁ) exp(—ﬁ) , (15)
r r

pt=0,r) = s, (16)

34> ¢ i o,p
Qr=0,r= |1+ =—2L | +Z2, 17
=0 K[ 4r2(q+1)2] o D
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_20,(r*ved,Q)
Qo .
Here, oy and r, are constants that determine the value and
location of the initial density peak; s is the sound speed, while
Qg = r 37 represents the Keplerian angular velocity. It is
important to note that this initial data incorporate the mass ratio
parameter g but do not include the inclination .
The boundary conditions are imposed on the two innermost
and outermost radial rings. To apply these conditions, we only
need azimuthally averaged quantities:

v,(t=0,r) (18)

g = [ et odo (19)
b 271- () b b .
In a discretized form, this becomes
_ 1
& =—2 & (20)
Njr—1

The outer boundary conditions are simply the initial data for all
primitive variables. For j € {n — 1, n}, we have

o = ooy = oj(t = 0),
Py = poj = p;(t = 0),
= v = vj(e = 0),

Q= Qg = Yt = 0). (21)

On the other hand, the inner boundary conditions for j € {1, 2}
are as follows:

0 (t) = Gi—1j+1(rje1/r)) V2,
pij(t) = pi—]xj+l(rj+1/rj)_]/4’
v =vg = vt =0),

Q= Qo = Q(r = 0). (22)

The index “i” corresponds to the number of time steps, where
“i =07 represents the initial data, and “i-1” represents the state
immediately preceding time step “i.” Similarly, the index ‘"
corresponds to the number of radial rings, so “j+1”
corresponds to the next neighboring radial ring. It is important
to note that the “7” index here denotes time steps dictated by the
solving procedure, rather than the number of time samples used
for data postprocessing. This second order numerical approach
requires boundary conditions to be imposed onto two radial
rings due to the fact that the Riemann solver uses the cells’
faces, not nodes or central points. More details about this
problem can be found in references (P. C. Duffell &
A. 1. MacFadyen 2011; P. C. Duffell 2016).

3. Numerical Results
3.1. Quasi-steady State

We considered 114 configurations characterized by the
viscosity coefficient « = 0.01, mass ratios g € {1:1,2:3,
3:7,1:4,1:10}, and inclinations v € {0°, 15°, 20°, 25°,
30°, 35°, 40° 45°, 50°, 55°, 60°, 75°, 90°, 105°, 120°,
135°150°, 165°, 180°}. They are presented in Table 1. In
addition, we simulated 30 additional configurations with
different viscosity coefficients, namely, o« = 0.03 and
a = 0.003, ranging over a smaller sampling of mass ratios
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g€ {1:1,1:4,1:10} and inclinations v € {0°, 45°, 90°, 135°, 180°}.
These additional configurations are presented in Table 2, and
give us 144 configurations in total.

There is no rigorous definition in the literature for the guasi-
steady state. Our definition is based on the behavior of the
averaged density (o), which is computed using Equation (14).
For brevity, we drop the term “averaged” and refer to it simply
as the “density” later in the text. We also drop the index j,”
keeping in mind that the numerical data are discretized for each
radial ring. For each configuration, we analyze the state of the
system at time intervals spaced by 10006 (2506 for o = 0.03
cases). We introduce here the following notation:
t, = m x 10006 (m x 2506 for a« = 0.03 cases), the time at
which we sample the data, with m € IN; (o)™, the maximum
value of the density at ¢ = t,,; and r,;**, the value of r at which
the density reaches its maximum at t = f,,,.

Unless otherwise noted, we chose m = 6 to report our
results, corresponding to a time ¢ = 60006. Additionally, we
denote the means of essential quantities over the time samples
me {6,7,8,9, 10, 11} with a tilde symbol. The corresponding
standard deviations over that same interval are denoted by <().
Furthermore, we use ¢, to represent the total number of binary
revolutions over which we investigated each system. The
summary of these results is presented in Table 1.

According to our definition of quasi-steady state, the
difference between rg"™ and the average taken from the
locations of the maxima 7™ = %Z,‘ L 7™ should not exceed
the distance between two neighboring grid nodes, denoted as e,
ie.,

[Fmax — | e (23)

The definition of quasi-steady state can vary significantly in the
literature. In A. I. MacFadyen & M. Milosavljevi¢ (2008),
density profiles were observed to stabilize over 4000 orbits,
which we applied to Paper I. However, we observed that the
time required for the system to reach a quasi-steady state
differed significantly over inclinations. The above, mathema-
tically rigorous definition has been successful and can work
with different values of the viscosity parameter, which is
responsible for the timescale of the disk evolution.

Given that all the maxima are situated between r =2.0 and
r=>5.0, the maximum distance between two neighboring
nodes, ¢ = 0.047, accounts for less than 3% of the r value.
We observed that certain cases, marked with an asterisk or
double asterisk in Table 1, do not conform to our definition of
approaching a quasi-steady state.

All cases with 1 < 30° and v > 55°, as indicated in Table 1,
satisfy the aforementioned condition from Equation (23).
Additionally, these cases exhibit density maxima that either
are stable or undergo movement/oscillation within one or two
zones over 1000 binary revolutions. On the other hand, cases
marked with an asterisk in the range of 35° <. <50°
demonstrate a relatively stable peak location, although it
oscillates over more than two zones throughout the 1000 binary
revolutions. Lastly, the cases marked with a double asterisk do
not exhibit stable peaks at all, and the density distribution
evolves throughout the entire simulation, which lasts for
multiple viscous timescales at the radii of greatest interest.

Even if the condition from Equation (23) is satisfied for
some configurations with m < 6, we do not consider time
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Table 2
Summary of Configurations with Different Viscosity Coefficients
Run'’s Code q L Lx Tar Far S Fmax Tinax S (Fmax) 10
(rar) %

0.03-1-000" 1:1 0° 6000 1.9903 1.9764 0.0085 3.8927 3.9133 0.0226 2.0158
0.03-1-045 1:1 45° 6000 1.8822 1.8895 0.0071 4.3573 4.3791 0.0238 1.8850
0.03-1-090 1:1 90° 6000 1.5862 1.5860 0.0002 2.5471 2.5471 0.0000 1.3653
0.03-1-135 1:1 135° 6000 1.4503 1.4496 0.0007 4.1856 4.2282 0.0270 1.2135
0.03-1-180 1:1 180° 6000 4.7567 4.8023 0.0408 1.2135
0.03-4-000" 1:4 0° 6000 1.8991 1.8952 0.0059 3.6089 3.6023 0.0163 1.8324
0.03-4-045 1:4 45° 6000 1.7173 1.7158 0.0023 3.5294 3.5228 0.0161 1.5004
0.03-4-090 1:4 90° 6000 1.5251 1.5252 0.0001 3.9754 3.9754 0.0000 1.3478
0.03-4-135 1:4 135° 6000 1.4337 1.4338 0.0003 3.9340 3.9616 0.0214 1.2204
0.03-4-180 1:4 180° 6000 4.7114 4.7340 0.0248 1.2204
0.03-5-000" 1:10 0° 6000 1.7258 1.7251 0.0081 3.2175 3.2240 0.0289 1.5742
0.03-5-045 1:10 45° 6000 1.5568 1.5568 0.0000 3.3723 3.3983 0.0202 1.3103
0.03-5-090 1:10 90° 6000 1.4276 1.4276 0.0002 4.1009 4.1009 0.0000 1.2635
0.03-5-135 1:10 135° 6000 1.3859 1.3859 0.0000 4.0589 4.0869 0.0217 1.2197
0.03-5-180" 1:10 180° 6000 4.5769 4.6290 0.0337 1.2197
0.003-1-000 1:1 0° 24,000 2.1439 2.1537 0.0097 5.0808 5.0965 0.0243 2.5877
0.003-1-045" 1:1 45° 24,000 2.1471 1.9636 0.1073 4.8479 4.9875 0.1141 2.4247
0.003-1-090 1:1 90° 24,000 1.7018 1.7015 0.0007 2.3672 2.3672 0.0000 1.6434
0.003-1-135 1:1 135° 24,000 1.5761 1.5794 0.0057 2.4030 2.4030 0.0000 1.3441
0.003-1-180 1:1 180° 24,000 1.2282 1.2334 0.0047 2.4750 2.4869 0.0185 1.3358
0.003-4-000 1:4 0° 24,000 2.0817 2.0819 0.0023 4.5771 4.5696 0.0182 2.3912
0.003-4-045" 1:4 45° 24,000 2.4531 2.3322 0.1556 4.0169 3.9552 0.1194 2.1754
0.003-4-090 1:4 90° 24,000 1.5736 1.5735 0.0014 4.6662 4.6662 0.0000 1.7244
0.003-4-135 1:4 135° 24,000 1.7151 1.7095 0.0065 2.9897 2.9584 0.0153 1.4500
0.003-4-180 1:4 180° 24,000 2.5472 2.5291 0.0199 1.3357
0.003-5-000 1:10 0° 24,000 1.9492 1.9549 0.0036 3.8106 3.8175 0.0167 2.0753
0.003-5-045" 1:10 45° 24,000 1.6155 1.7187 0.1012 4.3142 4.2435 0.1487 1.6343
0.003-5-090 1:10 90° 24,000 1.5747 1.5713 0.0020 4.1432 4.1362 0.0173 1.4968
0.003-5-135 1:10 135° 24,000 1.6248 1.6250 0.0045 2.9147 2.9147 0.0000 1.4014
0.003-5-180 1:10 180° 24,000 2.4390 2.4570 0.0197 1.3324

Note. The first column contains the run code now in a Z-X-YY'Y format, where Z is the viscosity coefficient a, and X and YYY remain unchanged from Table 1. The

other columns are the same as in Table 1.

samples prior to m =6 to ensure that, once {c);** is reached,

the value of the density maximum does not increase. This
precaution is taken because a quasi-steady state can still
involve mass loss at the inner boundary or due to truncation
error. However, this should not significantly impact the density,
particularly near the peak.

The two plots on the left-hand side of Figure 3 demonstrate
the application of the aforementioned definition using exam-
ples. The upper left plot depicts the evolution of the maximum
and its eventual stabilization at a specific time. Conversely, the
lower left plot emphasizes that not only the location of the
maximum is significant but also the value of the density and its
temporal evolution is significant. While the location of the
maximum is established early on, the matter continues to flow
toward the center and accumulate. Furthermore, during the
initial stages of the evolution, the maxima are local. For
instance, one can look at the blue lines in the right panels for ¢,
and the dark-blue line for #, as illustrative examples.

The same single- and double-asterisk notation is applied for the
additional cases of different viscosity; however, the timescales
differ. In the case of ov = 0.03, we report solutions after + = 30000,
while, for o = 0.003, we report them after r = 12,0000.

3.2. Density Distribution

We analyze the density distributions by focusing on two
characteristic radii, denoted ry,x and ryr. fyax corresponds to
the location of the density maximum. We define rgt as the

radius where the averaged viscous torque density

L — i(27rr31/<cr‘f1—?)) and the averaged dynamical torque

dr dr
density % = —27r <U‘;—$> balance each other:
dly _ dI,
rar = i — = 22, 24
a dr dr )

We observe that ryr fluctuates/oscillates between time
samples, so we report not only the radii rgt at t =7, but also
the average

11
de = lz rﬁ. (25)
6m:6

We present the variations observed in the above radii in two
ways. We first present the variation in the mass density
distribution for different inclinations at fixed mass ratios.
Second, we present the variation of the mass density
distribution for different mass ratios at fixed inclination angles.
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Figure 3. The averaged mass density as a function of radius is shown for two arbitrarily chosen cases: ¢ = 1/1, . = 30° (upper row) and g = 2/3, L = 75° (lower row).

In the left panels, the colored lines represent times prior to reaching the quasi-steady state. The final color curve (black) represents the density distribution at the quasi-
steady state, specifically at r = 60006, while the gray lines with different patterns correspond to later stages. The left panels are zoomed in on the regions closer to the
peak density, while right panels present the same data over a wider range of radii to show the evolution of the averaged density distribution throughout the disk.

Figure 4 presents a comparison between azimuthally
averaged, instantaneous density profiles (“snapshots”) and the
“quasi-steady-state” density profile, which is averaged both
azimuthally and over time. The averaging is done over a period
of 50 binary revolutions for viscosity v = 0.01, which is chosen
to accurately depict the quasi-steady behavior while smoothing
out fluctuations in (o)(r). This is consistent with A. I. MacFad-
yen & M. Milosavljevi¢ (2008) and D. J. D’Orazio et al.
(2013), who adopted averaging intervals of 45 and 50 binary
revolutions, respectively.

The study of the density distribution for 1 € {0°, 15°, 30°, 45°,
60°, 75°, 90°, 105°, 120°, 135°, 150°, 165°, 180°} shows an
interesting dependence on the inclination angle. Plots in Figure 5
present the locations of ry,x and rgy, along with the density
distributions. They suggest the existence of at least two ranges of
inclination angles in which the system behaves in two distinct
ways. We first focus on equal-mass cases where the effects are the
strongest. In the low inclination sector with v less than or equal to
45°, the density increases moderately with increasing radius, and at
a distance of approximately four binary separations from the center,
it approaches a maximum value close to the initial data maximum
(red, green, dark-violet, and blue curves on the upper left panel). In
the case of high inclinations with v greater than 45°, the density has
a very steep gradient inside the maximum and grows to values
substantially higher than the initial data maximum. In these cases,
the locations of 7,,x are roughly half of their values for the low
inclinations (dark-green, orange, and violet curves on the upper left

panel). This simple division into two regimes of inclinations begins
to blur, but is still identifiable, as we decrease the mass ratio. In
Figure 4, on the left, we can see the azimuthally and time-averaged
distributions, and on the right, only the azimuthally averaged
distribution at a certain time. The observed division strongly
manifests in the equal and nearly equal mass cases, but closer to the
extreme case of a binary with a central mass and a satellite, it is
significantly weaker but still noticeable. As a matter of fact, we
observe intermediate states as we vary the mass ratio from the
equal-mass value of g=1/1 to the lowest considered value of
qg=1/10.

This division into two domains of behavior is further muddied
by the fact that there were configurations, for example 1-045 and
4-045, that were unable to reach a quasi-steady state. Following
this observation, we decided to look closer and simulate additional
systems with v € {20°, 25°, 35°, 40°, 50°, 55°}. The majority of the
additional configurations reached a quasi-steady state according to
our requirements, and only some cases, those between
35° <1 < 50° failed to do so. In principle, a larger inclination
makes the quasi-steady state more difficult to reach, because the
time needed to fulfill the condition from Equation (23) is getting
longer. However, for inclinations at or above 55°, all configurations
are equally well behaved and clearly reach a quasi-steady state. We
present a sample of those density plots in Figure 4.

This motivates us to make a more general division where we
have moderately inclined cases with v € (0°, 30°), highly
inclined cases with v € (55°, 90°), and, for completeness,
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Figure 4. Left column: an averaged density distribution in the central part of the system for cases with ¢ = 1, 1/4, 1/10. Right column: instantaneous density

(averaged over the azimuthal angle) for the same cases.

counterrotating cases with v € (105°, 180°). We refer to the
subset of cases with v € (0°, 30°) U (55°, 180°) as the stable
sector because they reach the quasi-steady state in a relatively
short time. On the other hand, we refer to the configurations
with v € (35°, 50°) as the unstable sector. Some of these cases
do not settle into a quasi-steady state; others have reached this
state in the sense of the condition from Equation (23), but could
still potentially become unstable over longer timescales. To
explore this possibility, we continued to evolve these cases for
a much longer time, up to 48,000 binary revolutions (see
Tables 1 and 2), with varying results in terms of stability.

To illustrate the dynamics of these two sectors, we compare
two cases, both with ¢ = 1/4, but one with inclination . = 60°
(in the stable sector) and the other with v = 45° (in the unstable

sector). The upper left panel of Figure 6 confirms the fact that
the density peak is not moving for v = 60°. On the other hand,
the behavior for L = 45° presented in the upper right panel is
quite different, with the location of the density peak continuing
to evolve steadily. In addition, the torque balance presented in
the bottom row reinforces this picture, since the dynamical
torque in particular continues to change substantially. The
reason for this varying behavior is unclear to us, and will be the
subject of future studies.

The differences in the density distribution are noticeable not only
in the average density but also in single time samples. We analyzed
two-dimensional snapshots of the density profiles, and found that
the division between not inclined/moderately inclined and highly
inclined configurations also manifests in the spatial pattern created
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Figure 5. Averaged density distribution in the central part of the system for the cases with ¢ = 1 and ¢ = 1/4 together with the initial data and single mass case for
reference.

by the fluid. For configuration with v < 45°, the density distribution As an additional illustration of these two inclination-
forms the characteristic concentric and closed rings composed of dependent regimes, we study the azimuthal mode decomposi-
the density's local maxima/minima, as in the upper left panel of tion of the density distribution,
Figure 7. On the other hand, the highly inclined cases, as

. . . . 1 2T 2m o
represented in the upper right panel, form a spiral pattern instead of D = _—_ do f d (1) pe™ = if m =0 (26)
rings. As we go to still larger inclinations, through the perpendicular "2n? Jo 0
and into the counterrotating scenario, we see that the matter
distribution in the disk becomes increasingly similar to the single 1 2 27
mass case, and the effect of the periodic changes in the gravitational Do = 472 Jo ¢ fo A0, @7

potential is not mirrored in the density distribution.
Our simulations focus on the mutual inclination between the which are numerically calculated as
disk and a unequal-mass binary. However, it may be useful to

2 2
D' \/[LE’% Yy picos(m(p; — t))] + [ﬁE?;OE;’;O p; sin(m(¢; — t))]

D v 70 28)
m
Do izﬁ'zoz?;opi

compare our baseline coplanar, equal-mass configuration with We present the results of the azimuthal mode decomposition
the results from previous studies, particularly the three- in Figure 8. As in Paper I, we observe that there is no
dimensional magnetohydrodynamical simulations reported by unambiguous decay with increasing mode number beyond
J.-M. Shi et al. (2012) and the fully relativistic MHD m=1 at any length scale across the next three m modes.
simulations by S. C. Noble et al. (2012). These studies provide Furthermore, odd-m modes at ¢ = 1/1 should be zero since the
valuable one-dimensional and two-dimensional profiles of the corresponding harmonic of the gravitational potential is also
density and torque distributions, offering a useful reference for zero. This is indicative of the fact that, as in the coplanar case,
interpreting our results. the evolution of the azimuthal modes of the density distribution
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Figure 6. Density (upper row) and torque density (lower row) for different time samples for two cases with ¢ = 1/4: stable one with v = 60° (left column) and
unstable one with . = 45° (right columns) as an example of what we understand as “inability to settle down in quasi-steady state.” The color coding is consistent with
the color palette in the upper left plot. In the case of torque densities, solid and broken lines correspond to dynamical and viscous torques respectively.

is not dictated by a linear coupling to the gravitational
potential. Therefore, the assertion that there is a dynamical
irrelevance of resonant torquing in the opening of the
circumbinary gap can be extended to cases where there is an
inclination between the disk and binary planes. In our orbital
stability picture of gap opening, we sum over multiple modes
of the gravitational potential and do not assert that any
particular harmonic mode is responsible for the opening of the
gap as is the case in the resonant torquing picture.

Another interesting observation is related to mass ratios. In
Figure 9, we compare the density distributions for our full
range of mass ratios for a given inclination angle, and provide
separate panels for each inclination angle. For not-inclined and
moderately inclined configurations in the top row, we see a
continuous evolution from the equal-mass case down through
the lower mass ratios. The situation for larger inclination angles
is quite different. From v = 50° through 105°, we can see the
g = 1 and g = 2/3 cases are very different from the other three
cases. Interestingly, these three cases, ¢ € {3/7, 1/4, 1/10},
are quite similar to the highly inclined systems, which all begin
to resemble the single mass case.

Let us define an additional reference location, the isodensity
radius rype, as the radius at which the density has a value of
10% of the final density maximum. We now focus on the
location of the three radii 7y, finax, and ryqq, as different ways
of characterizing the density distributions more generally. The
top panels in Figures 10, 11, and 12 present these radii as
functions of a mass ratio for each inclination angle, while the

bottom panels show the radii as functions of an inclination
angle for each mass ratio. We find that the locations of the
density maxima for small mass ratio cases g € {3/7, 1/4,
1/10} vary weakly with inclination angle. On the other hand,
for comparable mass cases, i.e g € {1/1, 2/3}, the results are
completely different from the other three and almost identical
with each other—the location of the density maximum behaves
almost like a step function, with the maximum moving sharply
inward at high inclinations. For moderately inclined cases, the
density maxima occur at relatively large radii. For highly
inclined configurations, with 1 >55°, the maxima occur at
roughly half the radius of the low inclination cases.

The trends observed in the behavior of the other two
reference radii are less striking and more continuous across
mass ratios and inclinations. Both rgqr and rj(q, are large for
small inclinations and comparable masses and, with a few
exceptions, decrease with decreasing mass ratio. They also
decrease with increasing inclination angle, although there are
still more exceptions to this monotonicity. All of these
exceptions occur in or close to the unstable sector.

The behavior of the dynamical and viscous torques also
bears further study. The bottom row of Figure 6 displayed
how the values of ryr stabilize over time. In this paper, we do
not focus on the nature or the apparent behavior of the
torques, aside from noting that some simulated configura-
tions never reach a consistent value for rqr. This instability
may manifest as completely irregular or secular changes over
time, or may oscillate within some restricted range of values.
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Figure 7. Two-dimensional contours of density at = 60006 for the equal mass case with v = 0° (top left), 60° (top right), 120° (bottom left), and 180° (bottom right).

In the second case, the amplitude and period of these
oscillations seem to be completely unpredictable and do not
depend in any simple way on the model parameters. These
effects are present for the entire simulation, long after r = 60000,
which we used to report our data. We pushed some unstable
configurations to 24,0006, 36,0006, or even, in the case of L = 45°,
48,0006. Only not-inclined or highly inclined (L > 55°) systems are
free from this effect.

Figure 13 illustrates this instability with some examples
of rqr calculated at time samples spaced by 10006. The data
here were intentionally chosen to illustrate these

0.352 0.235 0.117 0.000

qualitatively different behaviors. For inclined cases with
L€ {15°, 20°, 25°, 30°, 35°, 40°}, all investigated systems
presented some periodicity. We observed that the amplitude
was largest and the period was longest for 1 = 30°.

The inclination v = 45° behaved qualitatively differently and
requires separate discussion. In the case of v = 45°, we
observed periodicity for ¢ =1/4, stability for ¢ =2/3, and
neither stability nor periodicity for g=1/1 and ¢ =3/7.

Lastly, we must emphasize that our conclusions regarding
the physical mechanism that dominates the gap and our
observations regarding instabilities may depend on the range of
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viscosities under consideration. In Figure 14, we show rgq, as
a function of inclination for ¢ € {1:1, 1:4, 1:10}, for three
different viscosities o € {0.003, 0.01, 0.03}. While the general
trend of decreasing gap size with increasing inclination is
universal, the gap shrinks with increased viscosity at lower
inclinations, and is independent of viscosity at larger inclina-
tions. In addition, the unstable sector that we have discussed
appears to apply for lower viscosity, but is qualitatively
different for the larger viscosity case, where only the not-
inclined and counterrotating cases manifest instability. We
leave the study of larger viscosity cases to future work.

Since we are analyzing three parameters simultaneously,
mass ratio ¢, inclination angle v, and viscosity v, we present
most of our results in a compact form in Figures 10-14, which
display the values of key parameters that describe the density
and torque distributions. However, we also present certain
specific plots to facilitate direct comparison with the existing
literature. For the coplanar configuration, a valuable reference
is D. J. D’Orazio et al. (2013). Specifically, for the density
distribution, the top left panel of Figure 9 can be compared with
Figure 4 in D. J. D’Orazio et al. (2013). Regarding torque, a
useful comparison of the viscous and dynamical torque
intersections can be found by comparing the data from
Figure 11 with the torque intersections explicitly presented in
Figure 5 of D. J. D’Orazio et al. (2013).

4. Analytical Calculations

In this section, as with Paper I, we compute the size of the
circumbinary gap under two regimes. The first, which is valid
at small timescales, relates to the stability of the epicyclic orbits
and defines the gap size as the radius where orbital instabilities
propagate at timescales equal to the binary orbital period. This
has proven fruitful in explaining the observed trends in the gap
sizes in the coplanar case from numerical simulations. The
second method that assumes the gap is maintained by the
balancing of resonant and fluid torques defines the gap size as
the radius of the resonance where the corresponding torque
densities balance.

4.1. Orbital Stability and Gap Size

To recap from Paper I, we study orbital stability of the
epicyclic orbits using Lyapunov exponents. Each Lyapunov
exponent corresponds to a particular eigenmode through which
a perturbation from an exact solution to the Hamilton's
equations of motion propagates. The eigenvector provides the
dynamical nature of the perturbation while the eigenvalue,
known as the Lyapunov exponent, provides the inverse
timescale over which the perturbation evolves exponentially.
That is, it is a complex number whose real part determines the
inverse timescale over which the perturbation decays or blows
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up while the imaginary part provides the frequency of the
oscillatory component of the perturbation.

In this case, we are interested in the leading or largest
Lyapunov exponent as that corresponds to the instability that
blows up over the shortest timescale. We then define the gap
radius prediction due to orbital instabilities as the radius, r,
where the following condition is met

1 1

Re(N"™(ry) = = = =

(29)

Here, XM is the largest Lyapunov exponent, and ¢ = 27 is the
binary orbital period in our units of choice.

We present results for 7= 1/9Re(A™*), the instability
timescale corresponding to the largest Lyapunov exponent, in
Figure 15. We note that the instability timescale at each
inclination increases with decreasing mass ratio and increasing
inclination. This is a result of the weakening of the perturbing
potential in those limits. As we approach the counterrotating
case, the instability timescales become larger than 6.

4.2. Resonant Torquing Picture

To again briefly recap from Paper I, we study the dynamics
of the disk in the fluid picture where the gap is created by the
balance of torques applied by the gravitational force of the
binary as well as the torque due to viscous dissipation. An
analytical description of the torques is based on the WKB

approximation of the hydrodynamic equations, where angular
momentum is deposited into the disk by dynamical torques at
Lindblad resonances and dissipated away by viscous torques.
The circumbinary gap is said to be opened at the outermost
Lindblad resonance where the dynamical torque is greater than
the viscous torque. In this description, we first determine the
outermost Lindblad resonance where the resonant torque and
the viscous torque can balance each other, referred to as the gap
opening resonance. Upon determining the gap opening
resonance, we define the size of the gap, rr, as the outermost
location where the amplitude of the epicycles, A(rr), given by
Equation (3), can extend to the location of the gap opening
resonance, 7. That is, we solve the equation

flrp) = 1og(ﬂ) =0.

[rr — 7l

(30)

We present the results of the gap size according to the
resonant torquing picture in Figure 16. We note that, as with
Paper I, the equal mass case yields a gap size smaller than other
mass ratios since the symmetry in masses destroys the
(m, n) = (1, 1) resonance. Additionally, we note that, at each
mass ratio, there is a critical inclination at which the gap
opening resonance transitions from (1, 1) to (2, 2). This is due
to the weakening of the gravitational potential with increasing
inclination. Finally, we note that, when approaching the
counterrotating case, the gap size shows an increase due to
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Figure 12. The location of roq. The presentation of different cases is the same as in Figure 11.
the weakening of the resonant torque at these inclinations Table 3
leading to noncircular (m == n) gap opening resonances. Summary of All Gap Size Definitions
5. Comparison of Analytical and Numerical Results Label  Definition Defined
. . . r10% Radius where surface density is 10% of the final Table 1
As W}th Paper 1, we wish to compare the two gap opening maximum
mechanisms, but Wlth thf{ added dependence on inclination n Radius where the Lyapunov timescale is equal to Equation (29)
angle. We emphasize as with Paper I that we wish to compare the binary orbital period
the trends in the gap size as opposed the exact values at any rr Radius where the epicyclic amplitude reaches the ~ Equation (30)

given mass ratio or inclination, given the flexibility in each
definition of gap size. We normalize the numerical and
analytical results to clearly identify the trends they make when
we overlay them graphically. In this case, we define the
quantities 7 such that

€1V

— ry
x = —= u=05.=0"X
rx

where the subscript X denotes the subscript of the relevant
radius from the numerical or analytical computations, e.g., 7o
as defined in Section 3. The vertical line denotes that the values
are taken at the mass ratio ¢ = 0.5 and inclination v = 0, so that
the gap size as defined by the instability timescale and the
numerical /analytical measure of gap size are normalized to
agree for equal masses and a coplanar disk-binary system.
Finally, we summarize all the definitions of the gap size in
Table 3. We also plot the results of the three different
definitions in Figure 17. The black scatter plot data indicate the
behavior of the numerical gap size rjgq Over an inclination,

gap opening resonance

with each plot corresponding to a different mass ratio, and the
unstable sector again highlighted as the gray region. The
orange dashed line shows the gap size rr derived from the
resonant torque picture, and the blue solid line shows the gap
size rp derived from the orbital stability picture. We note that,
at all mass ratios, the behavior of rjyq shows better agreement
with the orbital stability picture than the resonant torque
picture. This is particularly true at lower mass ratios where the
instability picture predicts gap sizes much closer to the
numerical values at inclinations beyond the step function drop.
Additionally, at some mass ratios and inclinations, we see an
increase in rt due to the dominance of noncircular resonances,
which is not reflected in the numerical data. However, we also
observe that i does not display the step function-like drop in
the gap size while rr does. That being said, the step function
behavior of rr does not appear to match the step function
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Figure 13. The location where the dynamical and viscous torque densities balance, ryt, for a selection of unstable cases simulated over long times. The gray dotted

horizontal lines correspond to the numerical grid's radial nodes.

behavior of rigg. For instance, we note that the critical
inclination where the numerical results for oy drop does not
depend on mass ratio while the size of the drop is larger as we
approach the equal mass case. However, in the resonant
torquing picture, the drop in gap size rr happens at lower
inclinations as we approach the equal mass case, which has no
step function-like behavior at all, because the drop in 7t is due
to the transition of the gap opening resonance from the (1, 1)
Lindblad resonance to the (2, 2) Lindblad resonance. On the
other hand, the drop in the numerical results is due to the fact
that, in two different ranges of inclinations, the quasi-steady
state is arrived at differently. It is unclear exactly why this is the
case in our two-dimensional simulations, and these inclinations
are high enough that the role of the gravitational force from the
binaries directed out of the disk plane may need to be included
to gain a complete picture; three-dimensional simulations could
therefore provide a better understanding of how the quasi-
steady state is approached in this regime. Additionally, while
the orbital stability picture seems to provide better agreement
than the resonant torque picture at higher mass ratios (closer to
equal mass), the effect of vertical instabilities will need to be
incorporated at higher mass ratios where the strength of the
gravitational force is higher for larger inclinations. Overall, the
results of this paper indicate that the formation and main-
tenance of the gap at binary timescales through the propagation
of orbital instabilities appear to be the dominant mechanism
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over the parameter space of mass ratios and inclinations at the
viscosities we consider.

6. Conclusions

We have studied black hole binary—disk systems within
Newtonian gravity and Newtonian hydrodynamics. We have
considered configurations with different mass ratios of the
binary and two-dimensional, non-self-gravitating, viscous,
locally isothermal disks inclined with respect to the binary's
orbital plane. Black hole binaries are modeled by point masses,
which move on fixed circular orbits.

We investigated the influence of mass ratio and inclination
angle on the disk's density distribution. We focused on the
location of three radii, which give a general description of the
matter distribution in the disk, namely, 74T, the radius where the
dynamical torque density equals viscous torque density; 7iax,
the radius where the density reaches its maximum; and ryge,
the radius where the density reaches 10% of the final density
maximum. Analyzing these radii together with the general
density distributions, we present a broad perspective on the
matter density distribution as a function of our model
parameters.

Finally, we investigated the effect of different theoretical
explanations for the opening and maintenance of the circumbinary
gap. In Paper I, we noted that the propagation of orbital
instabilities over the timescale of the binary period provides a
markedly better estimate of the gap size. In this paper, we have
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found that we can reasonably extend this explanation to the case
of inclined binary—disk systems. The theoretical explanations and
numerical studies approximate the circumbinary disk as a two-
dimensional plane; however, a three-dimensional treatment of the
disk may be able to clarify the nature of the “unstable sector” of
inclination angles, where the disk never reaches a quasi-steady
state. We leave this for future study.

Our explanation for the opening of the circumbinary gap
over orbital timescales also motivates future studies of this
nature with two other model parameters: the binary orbital
eccentricity, which has been shown to grow due to the back-
reaction of disk dynamics onto the binary (see M. Siwek et al.
2023) or trigger Kozai-Lidov oscillations in highly inclined
disks (see W. Fu et al. 2017); and the binary orbital precession,
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which is seen in binary black hole systems due to spin—orbit
interactions (E. Poisson & C. M. Will 2014).

The effect of the Kozai-Lidov mechanism in circumbinary
disks has not been clearly studied for hydrodynamic systems. A
test particle of mass m in the circumbinary disk forces Kozai—
Lidov oscillations on the binary with the total mass M with a
period  Pgozai X % (Section 342 of E. Poisson &
C. M. Will 2014). For a typical disk-to-binary mass ratio of
O(1079), this period would be >105 even at the gap radius,
which is much longer than the viscous timescale. J. J. Zanazzi
& D. Lai (2017) and W. Fu et al. (2017) focus on the Kozai—
Lidov mechanism for circumstellar discs, where the perturbing
mass is the secondary mass of the binary and therefore can be
relevant even for a massless circumstellar disk.
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Future studies of this type, along with the physics discussed in
this paper, will have broad implications for these astrophysical
systems, which should be regularly observed by gravitational-wave
and electromagnetic observatories in the coming decades.
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The analytical and numerical explorations presented in this chapter provide a comprehensive
picture of how black hole binaries dynamically shape their surrounding environments. The result-
ing insights lay the groundwork for predicting electromagnetic counterparts to gravitational wave
events. The next chapter will conclude the thesis by summarizing these findings and outlining future

directions for research in multimessenger astrophysics.
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Chapter 4

Conclusion: Dynamical
Instabilities in Black Hole Binary
Modeling

4.1 Summary of the central thesis

The above chapters have detailed key contributions to the fields of gravitational waveform modeling
and the study of black hole binary environments. This dissertation has developed an instability-based
approach to two central problems in black hole binary astrophysics: the modeling of gravitational
waveforms from binary mergers and the modeling of circumbinary disk dynamics. Although these
problems involve different physical regimes, both can be understood by identifying the dynamical
instability that controls the observable of interest. In the waveform problem, the merger-ringdown
signal is governed by the transition from binary dynamics to remnant black-hole perturbations. In
the disk problem, the circumbinary gap is governed by the stability of perturbed orbits in the binary
potential. The main result of this dissertation is that these instability-based descriptions provide

physically interpretable alternatives to purely phenomenological modeling.

4.2 Vacuum binary dynamics and waveform modeling

The waveform-modeling component of this dissertation introduced SEBOB, a framework that com-

bines EOB inspiral dynamics with a BOB description of the merger-ringdown. This construction
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shows that a significant part of the late-time waveform can be modeled using the remnant-centered
dynamics of the final black hole, reducing the need for phenomenological calibration in the merger-
ringdown sector. The model remains competitive with highly calibrated EOB models for aligned-spin
binaries while making the physical assumptions of the merger-ringdown attachment more transpar-

ent.

4.3 Circumbinary disk dynamics

Having summarized the advances in modeling the vacuum dynamics of the binary, we now turn to the
conclusions drawn regarding their astrophysical environments. The study of disk-binary interactions
in Chapter 3 provides a new theoretical framework for understanding the dynamics of disk-binary
systems, particularly the formation and maintenance of the circumbinary gap. The framework was
able to provide predictions for the gap size that were in good agreement with numerical simulations,
and generalized well to the case of misaligned disk-binary systems. In order to develop the framework,
the gravitational potential of the binary on the disk was chosen to be Newtonian and the analysis
of the orbits was limited to linearized perturbation about those due to single point mass.

The disk-dynamics component showed that the standard resonant-torque picture is not sufficient
to explain the circumbinary gap seen in numerical simulations. In the coplanar case, the gap location
is better predicted by the onset of epicyclic instability in the binary potential. In inclined systems,
the same framework predicts an unstable sector at intermediate inclinations and explains persistent
time-dependent oscillations in the disk. These results shift the interpretation of gap maintenance
from a long-timescale viscous balance to a short-timescale dynamical response.

The fundamental quantity that the framework predicted was the radius of the circumbinary
gap. Of course, this quantity assumes that the gap is approximately circular. On the other hand,
the morphology of the circumbinary gap can be highly eccentric [6] and while the framework does
not provide an explicitly eccentric treatment of the orbits, the relative amplitude of the epicycles
sourced by the time-dependent part of the binary potential provides a semi-accurate estimate of this

eccentricity.
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4.4 Future directions

Waveform Modeling

Future work in waveform modeling should focus on improving the amplitude behavior of BOB-
informed NQC corrections, extending SEBOB to higher modes and precessing systems, developing a
more self-consistent inspiral-to-remnant map, and further reducing the model’s reliance on numerical-
relativity fits.

The SEBOB waveform model as described in Chapter 2 provides accurate (2,2) spin-weighted
spherical harmonic modes for aligned-spin quasi-circular black hole binaries. To make SEBOB a
viable candidate for future GW detectors like LISA, we must extend the model to include higher order
modes, spin precession and other parts of the predicted parameter space. Additionally, introducing
BOB to the EOB paradigm requires careful examination of the choice of calibration parameters and
biases observed during parameter estimation.

In the latter direction, progress has been made towards developing a new calibration strategy for
SEBOB that reproduces the NR merger-ringdown signal with higher fidelity. In the original SEOB-
NRv5 model, the calibration is performed by performing parameter estimation on the NR waveform
to determine the optimal values of the calibration parameters, given the model parameters. The
calibration parameters are chosen as the median of the estimated posterior distribution. This flavor
of calibration can be computationally expensive to repeat with new NR waveforms and is potentially
susceptible to introducing biases from artifacts in the simulated noise. The choice of waveforms used,
in terms of coverage of parameter space and numerical configuration, can also introduce biases when
performing parameter estimation on untrained NR datasets. While the SEOBNRv5 model show-
cases state-of-the-art accuracy, there is no open source implementation of the calibration procedure,
making it difficult for the broader community to adopt and validate the model, especially given the
replacement of the merger-ringdown signal in our work.

The proposed strategy does away with the probabilistic nature of the original procedure and in-
stead reformulates it as a constrained optimization problem. The calibration parameters are chosen
as the values that minimize the mismatch between the NR and EOB waveforms, with the minimiza-
tion performed by the Nelder-Mead algorithm [20]. Due to the low dimensionality of the calibration
parameter space, the Nelder-Mead algorithm is able to efficiently find the optimal values of the
calibration parameters while avoiding the computational expense of gradient-based optimization
methods. Currently, this has been implemented for the non-spinning calibration parameters. The

results of this calibration are shown in Figures 4.1 and 4.2.
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Figure 4.1: Calibration coefficients for SEBOB for the non-spinning case. The blue and orange
scatters show the Nelder-Mead calibration results for SEOBNRv5 and SEBOB respectively. The
black fit shows the published fit for SEOBNRv5, while the blue and orange dashed lines show fits
to the respective scatters.

I have also been working on introducing the new SEBOB approximant into LISA waveform
systematics projects for higher mode and intermediate mass ratio studies. The aim of these projects
will be to bring together the theoretical and data-driven approaches to improve the accuracy of
waveform models and make them ready for LISA data analysis.

The final aim of the upcoming SEBOBv2 approximant will be to complete the parameter space
of SEBOB to include spin precession, higher modes, and improved calibration. The approximant
will also take into account recent improvements to the BOB formalism in order to further reduce

the amount of NR freedom needed in the merger regime[21].

Disk Dynamics

Future work in disk dynamics should test the instability picture in simulations that include ad-

ditional physics beyond the current locally isothermal, non-self-gravitating treatment. Important
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Figure 4.2: Pre and post calibration mismatch histograms for SEBOB and SEOBNRv5 for non-
spinning black hole binaries. The blue(solid) and orange(dot-dashed) histograms show mismatches
for SEBOB and SEOBNRv5 for the published SEOBNRv5 calibration constants. The green(dashed)
and red(dotted) lines show the mismatches for SEBOB and SEOBNRv5 for the Nelder-Mead cali-
bration constants. The results show that the Nelder-Mead calibration procedure is able to improve
significantly upon the published SEOBNRv5 calibration constants.

extensions include evolving binaries with gravitational-wave-driven inspiral, including disk backreac-
tion on the binary, exploring magnetohydrodynamic turbulence, adding radiative thermodynamics,
and translating the predicted disk variability into electromagnetic observables.

A more rigorous assessment of the morphology of the circumbinary gap can be performed through
the direct solution of bound orbits in the restricted 3-body problem. While the numerical integration
of the orbits is a well-researched topic [22], they must be computed in a manner capable of performing
the orbital stability analysis that was done as part of this thesis. More recently, Langford et al. [23]
reduced the problem of finding orbits in the restricted 3-body problem to a root finding problem,
including methods to analyze the stability of the resulting numerical orbits. Future work in this
area focuses on reproducing that study, but taking advantage of improvements in auto-differentiable

code so as to refine the orbital stability calculation by differentiating with respect to the numerical
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trajectory solving techniques. The resulting approach can help with generalizing the test particle
picture to cases such as highly eccentric or retrograde orbits, where dynamical chaos in the 3-body
problem no longer allows for a purely linearized approximation.

Another advantage of adopting numerical techniques is to provide a concrete assessment of if,
when, and how disk-binary decoupling manifests in the real system. In that case, the gravitational
interaction of the disk and binary can be Newtonian, but the dynamics of the binary system itself
can be simulated using PN-derived inspiral dynamics. Then, the evolution of the metastable orbits
can be analyzed over the timescale of the inspiral and merger of the binary, providing an estimate
of when the characteristic stability timescale of bound orbits in the restricted 3-body problem can
no longer keep track of the relativistic merger of the system.

Another important future direction lies in assessing how the interaction between the disk and
the binary influences the evolution of the binary itself. Numerically, the change in the semi-major
axis and eccentricity of the binary system have been studied [24, 25]. These studies indicated that
the circumbinary disk is strongly responsible for shaping the orbital evolution of binary systems.
Analytically, Goldreich and Tremaine [16] provided an estimate of how circular binaries evolve by
asserting that the angular momentum deposited on the disk at the resonances is the orbital angular
momentum lost by the binary. It becomes important to assess how the orbital stability framework
developed in this thesis contributes to this subject. More broadly, a formal understanding of why
the test particle limit physics provides a good explanation of the dynamics of the circumbinary disk

at the gap scale must be derived as a limit of the fluid dynamics itself.

4.5 A unified closing perspective

This thesis lays the groundwork for combining first principles approaches in the inspiral and merger-
ringdown regime. The resulting model reduces overall reliance on NR while retaining the accuracy
required for current generation gravitational wave detectors. The model is implemented using best
practices in software development including unit testing and continuous integration, making it a
robust and reliable tool for gravitational waveform modeling. It also explores the application of
orbital stability and dynamics systems techniques to resolving an open problem in the description
of circumbinary disks. The resulting picture provided substantial predictive power and opens the
possibility of exploring the morphology of the circumbinary gap and disk-binary dynamics in a broad
range of astrophysical scenarios.

The broader goal of this dissertation has been to move black hole binary modeling toward de-
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scriptions that are not only accurate, but also physically interpretable. By connecting waveform
morphology and disk structure to dynamical instabilities, this work provides a framework for under-
standing how black hole binaries generate both gravitational-wave and electromagnetic observables.
This framework will become increasingly important in the multi-messenger era, where future detec-
tors will require models that are accurate, computationally efficient, and grounded in the underlying
dynamics of the source.

It is crucial to emphasize that this thesis does not claim that compact binary coalescences, or
the massive black hole binary environments, are inherently unstable dynamical systems. Rather, the
central claim is that dynamical instabilities exist within the modeling of these systems, and lever-
aging them bridges massive gaps in our theoretical understanding. These instabilities emerge from
simplified physical models, but when exploited, they provide crucial interpretability and predictive
power to otherwise opaque dynamics. For circumbinary disks, this interpretative power arises from
the chaos intrinsic to the restricted three-body problem, which dictates disk dynamics in the absence
of complex viscous or thermodynamic transport. For gravitational-wave modeling, the Kerr geom-
etry exhibits unstable orbits for light-like systems that tie the properties of the merger emission to
a surprisingly neat description. This mirrors the underlying philosophy of the Effective-One-Body
framework, where the EOB metric is not an approximate spacetime of the combined binary sys-
tem, but rather an abstract mathematical entity that imparts much-needed interpretability to the
conservative post-Newtonian problem.

Ultimately, the successful resolution of these two distinct problems highlights the primary thesis
objective: that black hole binary observables can often be understood by locating the boundary
between stable and unstable dynamics. Whether evaluating the complex dynamics of black hole
binary mergers (governed by the light ring) or their surrounding circumbinary disks (governed by
epicyclic orbits), these systems can be elegantly understood and powerfully predicted through a

common mathematical language.
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